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Abstract: Determining a precise local geoid is particularly
important for converting the Global Navigation Satellite
System (GNSS) heights to orthometric heights. The geo-
metric method for computing the geoid has been exten-
sively used for a comparatively small region, which, in
some points, interpolates geoid heights based on GNSS-
derived heights and levelling heights. Several consider-
ations should be considered when using the geometric
method to increase the accuracy of a local geoid. Kuwait is
used as a test area in this paper to investigate several fea-
tures of the geometric method. The achievable precision is
one of these aspects, the role of the interpolation method,
global geopotential models, and the influence of the topo-
graphic effect. The accuracy of the local geoid can be sub-
stantially enhanced by integrating a geopotential model
with a digital terrain model of the research region. It is pos-
sible to get a precision of 2-3 cm.

Keywords: Geometric Geoid, GNSS/Leveling, Global
Geopotential Models, Residual Terrain Model, Kuwait

1 Introduction

Geodesy, surveying, geophysics, and a variety of geo-
sciences depend greatly on the geoid because it can be
used as a primary datum for determining height differ-
ences and gravity potential field [1]. The widespread and
rapid use of Global Navigation Satellite Systems (GNSS)
has revolutionized surveying, mapping, and navigation,
and has replaced time-consuming traditional techniques.
GNSS, in particular, can produce geodetic measurements
with high accuracy in a fraction of the time. The ellip-
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soidal heights are provided by GNSS, which are three-
dimensional systems that offer heights relative to an el-
lipsoid surface. Regrettably, ellipsoidal height is merely a
geometrical quantity, Its conversion to orthometric height
using the geoid model is commonly used in practically all
day-to-day applications that require height data [2].

As a result, determining a high-resolution geoid has
become critical to dealing with the possibility of a high
level of height accuracy from GNSS, such that the ortho-
metric height can be achieved by integrating the Geoid and
GNSS e. g. [1-3].

Based on the development methodologies and data
used, the geoid determination methods are separated into
four types: Gravimetric, Astrogeodetic, Hybrid, and Geo-
metric. Gravimetric solutions are based on gravity data
[4-8]. The measurement of latitude, longitude and verti-
cal deflection using astronomical instruments can be used
to determine the Astrogeodetic geoid [9, 10]. Gravimetric
geoid tilts concerning GPS/leveling data are used to cre-
ate the Hybrid [2, 11, 12]. The Geometric method makes use
of observed values of Orthometric height and ellipsoidal
height to define the geoidal height. These are then wont to
predict (N) by interpolation at stations at which the only
(h) is known. This method is proscribed by the number and
distribution of points with known ellipsoidal and ortho-
metric height to suitable levels of accuracy. A further limi-
tation is imposed by the interpolation algorithm chosen for
the estimation. For example, linear interpolation assumes
that the undulation (N) is linear between the data points
[13-17].

The performance of the geometric method is difficult
to check for reliability with errors corrupting the output
directly. The benefits are that it is conceptually simple and
easy to implement with adequate data. To increase the pre-
cision of alocal geoid created using the geometric method,
a well-known Global Geopotential Model (GGM) and lo-
cal terrain information by Residual Terrain Model (RTM)
should be incorporated [13, 15, 18, 19].

The study aims to evaluate numerous interpolation
methods i. e., Inverse distance to a power [16, 20], local
polynomial [21-24], Kriging [25, 26], Minimum curvature
[27-32], Nearest neighbor [33-35], Polynomial Regression
[27, 31, 32, 36, 37], Radial basis function [31, 32, 38-40],
Modified Shepard’s [41, 42], Triangulation with Linear in-
terpolation [31, 32, 43-45], Natural neighbor [31, 32, 46—
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Table 1: Parameters for statistically analysing data sets.
Dataset Parameter Mean STD cv Min Max SK
Training () 29.409 0.399 0.01 28.585 30.070 -0.257
A 47.731 0.410 0.01 46.613 48.396 -0.68
N -15.540 1.482 -0.09 -18.546 -10.959 0.806
Testing () 29.427 0.355 0.012 28.841 29.989 -0.027
A 47.598 0.460 0.009 46.796 48.249 —-0.515
N -15.090 1.624 -0.108 -17.396 -12.596 0.462
46°30' 47°00" 47°30' .
The MoD networks have been referred to as vertical data
30°00 [ soc00c  of the Kuwait Public Works Department (Kuwait PWD).
The Kuwait Oil Company defines PWD as the Mean-Low-
i Water in Kuwait City (about 1.03 m below mean sea level)
29730 A 29°80"  [54]. The orthometric heights’ absolute accuracy is about
ut +1.0 cm. The geoid undulation based on GPS /Levelling
g "> ranges from -18.546 to —10.959 m with a mean value of
29°00' 29°00
—-15.453 m and a standard deviation of 1.51m [53].
The statistical interpretation of the data used is sum-
J— & Traniig Podais ,sea0  Marized in Table 1. The available GPS/ levelling data are
A Test Poinss for 83 stations which were divided into 66 training points
e i e o —— used in interpolation for all methods, and 17 testing points
— : : : : ] [m] to check the accuracy of each method and to know the
-18 -17 -16 -15 -14 -13 -12 -1 -10

Figure 1: Kuwait’s 83 GPS/Levelling stations are distributed across
the country.

50], and Moving average [51, 52] in the interpolation of the
geometric geoid for the Kuwait state.

2 Data

2.1 GPS/levelling points

In this study, 83 GPS/Leveling stations were employed. The
spread of the network is presented in Figure 1. Since 2016,
the GPS/levelling data were collected and made avail-
able for this study by Vision International Co., Kuwait.
The ITRF2008 datum was used to produce the benchmark
GPS coordinates using the Static and Rapid-Static mea-
surement methods using a dual-frequency GPS receiver.
The approximate accuracy of GPS coordinates is +1.0 and
+1.5 cm, respectively, in horizontal and vertical directions
[53].

Using high precision spirit levelling from the Ministry
of Defense’s (MoD) benchmarks network, the orthometric
heights of the benchmarks were produced in this manner.

best method of them as presented in Figure 1. From Ta-
ble 1, it can be seen that the distributions of input vari-
ables in the training and testing stages are approximately
the same. In this research we looked into, The geoid un-
dulation (N) calculated from station geodetic latitudes (¢)
and longitudes (A). The Mean, The standard deviation of
variables is abbreviated as STD, The coefficient of varia-
tions as STD/Mean is referred to as CV, The skewness of
data is denoted by SK, and Min and Max are the minimum
and maximum data points, respectively. The skewness of
the data is modest, as seen in Table 1, with the geoid un-
dulation having the most skewed distribution in both data
sets, followed by longitude and latitude. This indicates
that Kuwait has a higher degree of geoid undulation distor-
tion from the normal distribution than the longitude and
latitude. For data sets that will be used for both training
and testing, the CV is nearly identical.

2.2 Digital elevation model (DEM)

Kuwait has a flat topography, with a slightly uneven desert.
On the Arabian Gulf’s eastern coast, the earth’s descended
grades steadily from sea level to the west and southwest.
The southwestern angle rises 300 meters above sea level.
Small hills can be seen all over Kuwait, including along the
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Figure 2: Kuwait’s combined DEM with a resolution of 3" x 3" [53].

Jal Al-Zour ridge, which has a view of Kuwait Bay’s north-
ern coast. This ridge rises to 145 meters in height.

For this study, the DEM for Kuwait was constructed by
combining the 3-arcsecond spatial resolution of the Shut-
tle Radar Topography Mission (SRTM) [55] for land with the
15-arcsecond resolution of the SRTM+ 15 [56] bathymetry
depths (see Figure 2) [53]. The model used covers the win-
dow from 27.4° N to 31.2° N, 45.4° E to 49.4 °E.

2.3 Global geopotential model

The Global Geopotential Model (GGM) is a mathemati-
cal model that approximates the Earth’s external gravita-
tional potential. Combined and Satellite-only are the two
categories of GGMs available. Without any direct contri-
bution from terrestrial data, the former is calculated us-
ing satellite-only measures like GOCE [57], GRACE [58],
and CHAMP [59, 60]. [53] GGMs have been investigated in
Kuwait. According to their research, the EIGEN-6C4 and
XGM2016 models at their highest degree, as well as the
most suited Spherical Harmonics (SH) degree-and-order
(d/o) for Kuwait, are the best combined GGMs models for
application in Kuwait GOCE GGMs are 250 according to the
Space Wise model (SPW_R5) [61] with EGM2008 [62] up to
SH d/0 2190. (SPW R5) is included in this study. As synthe-
sized, the coefficient model as recovered from the study of
the GOCE grids generates grids that are very similar to the
original ones, but it is somewhat different due to a global
regularization (based on Monte Carlo samples): stronger
globally, but it is inevitably smoothing a very small por-
tion of the signal at the very high frequencies.

A. Zaki et al., Determination of local geometric geoid model for Kuwait =— 3

3 Method

As is well known, hgyjisoig @0d Hoyhometric Signify the ellip-
soidal heights from GPS observation and the orthometric
heights at some points, respectively. Equation 1[10] shows
how to calculate the geoid heights at these points.

NpsLeveliing = NEttipsoid — Horthometric oy

Values Npgreveliing Values obtained in this way are
referred to as observed geoid heights. An interpolation
method can be used to forecast the geoid heights at any
other point. This is the most common method for creat-
ing a local geoid in a confined area. After determining the
geoid heights at other points of interest, the GPS-derived
heights at these points can be transformed into orthome-
tric heights. The following method is advised to enhance
the precision of the established geoid. As it is obvious, the
height of a geoid can be split into three components i. e.
Ngeums Ny, and Ngpy, as [63, 64]:

Nopsjrevelling = Ngom + Ny + Ny )

Ngeu denotes the long-wavelength constituent, this can
be calculated with the use of a geopotential model; The
medium or residual wavelength component is called N,,
and it may be calculated using the Stockes integral of a
gravity anomaly in the ground, and Ny is terrain effect.
Because gravity measurements are not always acces-
sible in a given location, Equation 2 could be written as:

Nr = NGPS/Levelling - NGGM - NRTM (3)

where Ngpg/peveliing 1S the observed geoid height, and Ny
and Nppy are calculated, respectively, from a geopoten-
tial model and a digital terrain model. Equation 3 gives
the component values at observation points. The match-
ing values at any other points of interest are interpolated
from these values IV,. The values N forecasting points are
determined using Equation 2 once the predicted values N,
are acquired.

N:NGGM +NI’+NRTM (4)

Components with a long wavelength and terrain correc-
tions at the predicted points are denoted by N;g,, and N,.
Ny can be expressed as follows [3]:
GM 3
Neom = ——
v n=2

n

- (g)n D (Enm cos mA + S,,,, sin m)l) P, (cos6)

m=0
5)
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Where GM stands for the geocentric gravitational con-
stant.; The geocentric radius is r; The ellipsoid’s semi-
major axis is denoted by a; C,,, S,y and P,,,, are the com-
pletely normalized cosine, sine, and associate coefficients,
respectively; A is the geodetic longitude; 6 represents the
polar distance, and y is the normal gravity.

The Ny is the effect due to the topographic reduction
which can be computed as presented in Equation 4 [65]:

h/

G Py, 2)
N, =7 1
Ty LJHL [~ X2 + (Vp — y)? + (hp — 2

dxdydz

(6)
where G signifies the gravitational constant of Newton, y
is the normal gravity, the integration area’s planar projec-
tion is denoted by E, the smoothed DEM’s height is repre-
sented by H,ef, the height of the detailed DEM is K, the in-
tegrated topography’s Cartesian coordinates are x, y, and
z, the mean reference is p(x,y, z), 2.67 g.cm_3 is the den-
sity of the Earth’s crust, in the Cartesian coordinates sys-
tem, xp, yp, and hp denote the coordinates and height of
the computational point.

Interpolation is a critical stage in the geoid determina-
tion process in mathematics, there are a variety of interpo-
lation methods. In this study 11 interpolation methods by
using Golden Software Surfer V.23.2.176: Inverse distance
to power, Radial basis function, Local polynomial, Near-
est neighbor, Minimum curvature, Polynomial Regression
(Cubic), Modified Shepard’s, Triangulation with Linear in-
terpolation, Kriging Natural neighbor, and Moving average
are used for comparison.

4 Results and discussion

According to Equation 3, N, is computed at the 66 training
stations by removing the components of Nz, and Nprys.
Removing the effects of the long wavelengths (Ng,) has
been fulfilled by removing the effect of the composite refer-
ence GGM from Space-Wise-Model (SPW_R5) up to degree-
and-order (d/o) 250 with EGM2008 from (d/o) 251 to SH
d/o 2190 was used by using Gravsoft software [66]. The
topographic effect (Ngpy,) is computed by the RTM model
[65] and TC-program [66] for all masses within a radius of
100 km about the computational point.

The aforementioned 11 interpolation method is used to
compute the geometric geoid model over the Kuwait state
with a grid of 5 km x 5 km. Figure 3 to Figure 13 shows the
computed geoid models from each interpolation method.
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Figure 3: The geometric geoid model by Inverse distance to a power
method.
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Figure 4: The geometric geoid model by the Kriging method.
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Figure 5: The geometric geoid model by Local polynomial method.
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Figure 6: The geometric geoid model by Minimum curvature method.
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Figure 7: The geometric geoid model by the Triangulation method.
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Figure 8: The geometric geoid model by Radial basis function

method.
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Figure 9: The geometric geoid model by Modified Shepard method.
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Figure 10: The geometric geoid model by the Moving average

method.
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Figure 11: The geometric geoid model by Natural neighbor method.
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Figure 12: The geometric geoid model by the Nearest neighbor
method.
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Figure 13: The geometric geoid model by the Polynomial regression
method.

To evaluation of the interpolation methods, after then,
the geoid heights at each of the 17 test points were an-
ticipated and compared to known values. The results are
shown in Table 2. The STD varies from 0.0211m to 0.272m.
This implies that the choice of the interpolation method
is very significant in the determination of the geometric
geoid. Among them, the Modified Shepard’s method has
the smallest STD with 0.0211 m. Taking into account the
observed geoid heights at these test points with an ac-
curacy of roughly 1cm, the accuracy of Minimum curva-
ture, Radial basis function Nearest neighbor, and Kriging
one be the same. The worse results have been acquired
from the Triangulation with linear interpolation, Polyno-
mial Regression (Cubic), Natural neighbor, and Moving av-

DE GRUYTER

Table 2: Comparison between the computed geoid models and 17
test points.

Interpolation method Min Max Mean STD
Inverse distance to -0.0939 0.061 -0.0028 0.0429
a power

Natural neighbor -0.727 0.099 —-0.055 0.1912
Kriging —-0.0483 0.06014 -0.0037 0.0289
Local polynomial —-0.3801 0.192 -0.0033 0.153
Minimum curvature -0.0478 0.029 —-0.0026 0.0231
Modified shepard’s -0.0416 0.0213 -0.00421 0.0211
method

Moving average -0.7422  0.2142 -0.0386 0.272
Nearest neighbor -0.0563 0.0323 -0.00245 0.0228
Polynomial Regression ~ -0.627  0.3047 —-0.0203 0.2444
(Cubic)

Radial basis function —-0.0477 0.0606 -0.000626 0.0256
Triangulation with -0.6115 0.1189 —-0.0436 0.1626

linear interpolation

erage with STD varies from 0.1626 m to 0.272 m. The worse
result has been obtained from the Moving average method
with STD 0.272m.

5 Conclusions

According to this study, the geometric method can produce
a precise local geoid for Kuwait with a precision of 2-3 cm.
This is analogous to geoid heights generated by GPS/level-
ing. The accuracy of Inverse Distance to a power, Nearest
neighbor, local polynomial, Kriging, Minimum curvature,
Polynomial Regression (Cubic), Modified Shepard’s, Nat-
ural neighbor, Radial basis function, Triangulation with
Linear, and Moving average models in this study, use of
GPS/leveling data inputs in modelling geoid undulation
in Kuwait was examined. The errors of these models were
compared using the variations in Mean and standard de-
viation (STD) values. Modified Shepard’s model performed
better in the geometric geoid determination for Kuwait, ac-
cording to the models used in this study.
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