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Abstract— We propose microwave dielectric sensing by exploiting the highly sensitive frequency response of hyperbolically
dispersive media. Through dispersion analysis, we show that the hyperbolic media are both spatially and spectrally sensitive
to very slight changes in the constitutive dielectric material. We practically demonstrate the concept of microwave sensing
in microstrip-based metallic grid structure cells fabricated on a grounded dielectric substrate. High dielectric sensitivities
are shown when dielectric samples are placed in the path of the resonance cones, which are the characteristic high-field
regions in hyperbolic medium under resonance. We demonstrate the resonant frequency shifts for the relative permittivities
in the range of 1–3.5.

Index Terms—Sensor phenomena, resonant plasma, resonance sensor, microwave sensors, dielectric constant, hyperbolic dispersion.

I. INTRODUCTION

The hyperbolic dispersion and the associated resonance-cones for-
mation are perhaps the most interesting physical effects that occur
in anisotropic plasmas [1], [2]. The hyperbolic dispersion surfaces
are formed when plasma is under resonance and two of the diag-
onal entries of the permittivity matrix become oppositely signed.
Consequently, the electrical fields travel in conical shapes of spa-
tial resonance patterns known as the “resonance-cones.” Under the
lossless conditions, the refractive index and the power density in the
resonance-cone direction become infinite. This particular mathemat-
ical singularity attracted the attention of many mathematicians and
physicists during the 1970’s towards the the problem of plasma wave
propagation [2]. The trend of artificial media synthesis (metamaterials)
in the past decade stirred a renewed interest in the plasma wave prop-
agation [3], [4]. The unique plasma-wave propagation stems from its
specific dispersion profile characterized by “open” phase (k) surfaces
with elongated asymptotes, which allow the large wavevectors (that
otherwise become evanescent) to propagate within the hyperbolic me-
dia [5]. Furthermore, the group velocity vectors that emanate from the
asymptotic k-space point in the same direction forming high intensity
frequency-dependent narrow beams (the resonance cones) [4], [6].
Microwave and optical metamaterials that emulate the plasma-like
dispersion have been proposed for interesting applications [7] such
as spatial filtering [8], [9], near-field imaging [10], and biosensing
[11], [12].

The fact that the spatial and spectral properties of the resonant-cone
fields strongly depend on the surrounding environment makes the hy-
perbolic media excellent candidates for dielectric sensing. Recently,
highly sensitive biosensor has been fabricated by alternatively deposit-
ing thin gold and aluminum dioxide films to form a layered hyperbolic
structure that operates in the visible light near infrared spectrum [11].
The changes in the biosamples were detected by injecting them in
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Fig. 1. Hyperbolically dispersive metallic grid with the arrow indicating
the direction of the resonance-cone.

the structure and sensing the resonance shifts. In another research
work, a hyperbolic metamaterial was numerically configured using
gold nanorods and the refractive index of the host material was es-
timated by determining the angular variation of the reflected optical
beam [12].

In this article, we exploit the hyperbolic dispersion for dielectric
sensing at microwave frequencies. A much simpler hyperbolic struc-
ture is considered [8], which consists of a metallic grid printed on
a grounded dielectric substrate with a relative permittivity of εr (see
Fig. 1). The sensing principle is theoretically demonstrated via disper-
sion analysis and practically implemented in a fabricated device. The
proposed sensing scheme falls in the category of the narrow-band reso-
nant sensors traditionally applied to characterize dielectric samples in a
spectrum [13].

II. DISPERSION ANALYSIS AND
SENSING MECHANISM

Referring to Fig. 1, note that the anisotropy that leads to the hy-
perbolic dispersion is obtained by designing the rectangular unit cells
with unequal arms dx and dy such that the combined intrinsic phase
shift is equal to 2π at the resonant frequency [6], [8]. Mathematically
this resonance condition is given by

βdx + βdy = 2π. (1)
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Fig. 2. (a) Band structure of the infinitely extended hyperbolic grid accompanied with two S21 simulations of the truncated version showing the
spectral sensing. The circuit analysis and the full-wave simulations are performed using the Agilents ADS and Momentum packages. (b) Iso-
frequency dispersion surfaces showing the energy propagation in k-space. (c) Energy propagation in the real-space derived from the k-space
showing the propagation of resonance cones in different vg directions corresponding to the three frequencies (spatial sensing). (d) Hyperbolic
sensor designed using a three-layered dielectric structure with a cavity. (e) Photograph of the fabricated device. The inset shows the cavity for the
sample.

Applying the Bloch-Floquet condition, the following dispersion
equation can be obtained [6], [14]:

sin(βdx ) cos(kydy) + sin(βdy) cos(kx dx ) = sin(βdx + βdy) (2)

where kx and ky are the Bloch propagation constants. At an angular
frequency of ω, the intrinsic microstrip propagation constant β [15] is
given by

β = ω

c

√
εr + 1

2
+ εr − 1

2
√

1 + 12H/W
, (3)

H represents the thickness of the substrate, and W is the width of
the microstrip traces, as shown in Fig. 1. The resulting band structure
(Brillouin diagram) is depicted in Fig. 2(a). To identify the resonance
points, the Brillouin diagram is also accompanied by a transmission
coefficient (S21) simulation of the terminated hyperbolic grid of Fig. 1.
The lowest of the two resonance modes at 3 GHz is the wideband
Bragg mode which is common to all the periodic structures. Our
mode of interest is the hyperbolic mode which is identified by a
narrowband S21 peak at 6 GHz. This resonance is characterized by
the intersection of a forward wave in �Y direction and a backward
wave in �X direction. More interestingly, when the lossless resonance
condition (1) is substituted in the dispersion (2), the resulting k-surface
becomes a pair of intersecting line, i.e., kydy = ±kx dx .

The unique ability of the hyperbolic structures to be exploited as
both spatial (angular) and spectral sensors can be observed by consid-
ering the Brillouin diagram and the associated the k-surfaces depicted
in Fig. 2. Just above or below the resonance of 6 GHz, the k-surfaces
take hyperbolic shapes with an orthogonal relationship between the
phase velocity (vp) and the group velocity (vg) vectors. The resonance-
cone formation and the associated enhanced electric field propagation

result from the emergence of the co-directional vg-vectors from the
hyperbolic asymptotes leading to the peak in the S21 plot. The spatial
sensing aspect can be explained by observing the change in the asymp-
totic slope of the hyperbolic k-surface with the change in frequency
or the substrate’s intrinsic permittivity. Consequently, as indicated in
the real space plot of Fig. 2(c), obtained by the Forward Transmission
Matrix (FTM) method [20], the vg-vectors and the resulting resonance-
cones travel in different directions for the three indicated frequencies.
The resonance-cone direction, in this case, depend on the slope of the
asymptotes and the dielectric constant of the host substrate.

The spectral sensing mechanism can be highlighted by observing the
fact that with the increase in the dielectric constant of the host substrate
εr , the intrinsic propagation constant (3) also increases, thereby forcing
the resonance condition (1) to be satisfied at a lower frequency. To
show the enhanced sensitivity, the host dielectric constant was slightly
changed from 2.2 to 2.4. As indicated in the dotted S21 graph of Fig. 2,
the hyperbolic structure is able to resolve this change by shifting the
resonance from 6 GHz to 5.8 GHz. The overall sensitivity achieved
by this 4x4 cell hyperbolic structure is about 3.18 GHz per refractive
index unit (RIU) which compares well with some of the contemporary
sensing methods given in Table 1. Here, refractive index for non-
magnetic materials is calculated by the relation n = √

εr . Note that in
some of the current sensor topologies, increased sensitivities and high
experimental Q-factors reaching 2000 are obtained by much complex
periodic structures such as [19] where host substrate had to be modified
by placing dielectric resonator arrays.

To assess the performance of the sensing device, a figure of merit
(FOM)is usually specified. In this case, we define a FOM that is
directly proportional to its sensitivity and inversely proportional to the
resonance’s full width at half maximum (FWHM), and therefore, it
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Table 1. Comparison of Contemporary Senors.

Sensor Type Sensitivity (S) in GHz/RIU

S = Resonance−shi f t√
εr2−√

εr1

Photonic-Crystal Phase Sensor [16] 0.47

Anomalous Phase Sensor [17] 1.1

Epsilon-near-zero Sensor [18] 2.45

Proposed Hyperbolic Sensor 3.180

Fano-resonance Sensor [19] 4.02

Fig. 3. Comparison of the transmission responses of a five-cell and a
20-cell hyperbolic grid.

indicates the resonance’s sharpness and the sensor’s selectivity [11]:

F O M = � fr

�n� f
(4)

where � fr is the resonance shift for a change of �n in the refractive
index and � f is the resonance’s FWHM. Since the FOM is inversely
proportional to FWHM (� f ), a sensor with sharp resonant response
(high-Q) can resolve close permittivities more effectively. We observe
by applying simple circuit rules to Fig. 1 that the quality factor of the
hyperbolic grid (and, consequently, the FOM) can be further improved
by simply incorporating more unit cells. The extended circuit in this
case behaves as several cascaded filters connected in series. For com-
parison, the transmission responses of five-cell and 20-cell hyperbolic
grids are calculated by the FTM method [20] and plotted in Fig. 3. The
numerical analysis of the transmission response show an increase of Q-
factor from 50 to 200 when the number of unit cells are increased from
5 to 20. The increased device size in this case can be reduced by print-
ing the metallic grids on high dielectric substrates. This can be under-
stood by noting the increase in the intrinsic propagation constant β in
(3), when the dielectric constant εr is increased. Consequently, the dis-
persion equation (1) is satisfied for smaller unit cell lengths dx and dy .

III. A PRACTICAL HYPERBOLIC SENSING SCHEME

An experimental set up to verify the spectral sensing principle in the
hyperbolic media was devised by constructing a three layer dielectric
structure using Rogers 5880 material with a cavity in the central layer
to place the sample, as depicted in Fig. 2(d) and (e). Four samples
of dielectric materials i.e., air, foam, Rogers 5880, and Rogers 4003

Fig. 4. Measured S21 coefficients for different dielectric samples placed
in the hyperbolic sensor’s cavity

materials having respective dielectric constants of 1, 1.05, 2.2, and
3.38 were cut into appropriate sizes to be inserted into the cavity. The
S21 magnitudes (see Fig. 4) were measured with the help of Rohde and
Schwarz, Z V A67 Vector Network Analyzer and the peak frequencies
were detected for permittivity characterization. With the Rogers 5880
sample, the peak in the S21 gave the sensor’s characteristic frequency.
A shift from this frequency (5.68 GHz) indicate the dielectric per-
mittivity shift. Hence, if the cavity was filled with higher permittivity
samples, redshifts in the resonance would be detected, as depicted in
Fig. 4 for Rogers 4003. On the other hand, with lower than 2.2 relative
permittivities such as air and foam samples, resonance blueshifts, i.e.,
5.94 and 5.92 GHz were obtained. Note the slight resonance shift be-
tween air and foam samples, the sensor was able to resolve, showing
the enhanced sensitivity of the proposed scheme. While the presented
experiment demonstrates the concept of dielectric sensing using hy-
perbolic materials, a practical sensor prototype can be devised by
calibrating these resonance shifts with standard permittivity materi-
als. The high-Q hyperbolic sensors can be the potentially alternatives
to the expensive optical sensors that are currently used in applications
where resolution of very close permittivities is desired such as sensing
gaseous media [21].

IV. CONCLUSION

We propose highly sensitive dielectric detection based on the hy-
perbolically dispersive modes. The enhanced sensitivity is obtained by
placing the samples in the path of the resonance-cones which are in-
tense electromagnetic fields that propagate in hyperbolic media under
resonance. We show experimentally that a hyperbolic structure based
on a simple microstrip transmission-line grid is able to detect reason-
able frequency shifts for several dielectric samples. We anticipate that
with the offered sensitivity, the proposed sensing method can be used
to characterize close-valued permittivities.
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