ECE447: Robotics Engineering

Lecture 7: Inverse Kinematics

Dr. Haitham El-Hussieny

Electronics and Communications Engineering
Faculty of Engineering (Shoubra)
Benha University

V2

%
N o
HAUNIVER

Spring 2017

Dr. Haitham El-Hussieny ECE447: Robotics Engineering 1/29



R —
Lecture Outline:

@ IK Problem Formulation.
© Geometrical Approach.
© Algebraic Approach.

@ Kinematic Decoupling.
@ Inverse Position Problem.
@ Inverse Orientation Problem.

Dr. Haitham El-Hussieny ECE447: Robotics Engineering 2/29



Table of Contents

@ IK Problem Formulation.

Dr. Haitham El-Hussieny ECE447: Robotics Engineering 3/29



IK Problem Formulation.

IK Problem Formulation:
Inverse Kinematics
Rs

Given: Desired position and orientation of

end-effector, p.
Required: Joint Variables q (6 or d) to get p

a=f(p)
Given the desired 4 x 4 homogeneous transformation H
_ B o
=

The task is to find a solution (possibly one of many) of the equation:
To(qr, .- qn) = Ar(q1) Az(q2) ... An(qn) = H

It is 12 equations with respect to n variables ¢, ..., g,
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IK Problem Formulation.

IK Problem Formulation:

Inverse Kinematics

Given: Desired position and orientation of

end-effector, p.
Required: Joint Variables q (6 or d) to get p

q=f(p)

X
,qn in a closed rather than numerical form:

It is often advantageous to find ¢, ...

qr = fk(hll)h127” '7h34)) k= ]-7" N
This will allow fast and deterministic computation of the joints variables instead of searching

for a possible solution.
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Geometrical Approach:

Example: Two link manipulator

link a, a d; 6,
a; &
2 a, 0,
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Geometrical Approach:

Example: Two link manipulator

¢ -5 0 apc c, —=s, 0 a,
q - s, ¢ 0 ags (= 5, ¢ 0 as,
o 1 o/ o 0 1 o0
0 0 1 0 0O 0 1
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Geometrical Approach:

Example: Two link manipulator

Cn, —Sip 0 a,¢ +a2012_

s, ¢, 0 as +a,s,
T20=/1'1‘42= 12 12 101 1

0 0 1 0

0 0 0 1]

Forward Kinematics:
x = ajcos(61) + agcos(61 + 62)

y = aysin(6y) + azsin(61 + 62)
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Geometrical Approach.

Geometrical Approach:

Example: Two link manipulator

x = ajcos(61) + azcos(601 + 62)

y = aisin(6r) + azsin(0; + 62)
In Inverse Kinematics, we need the joint
variables 1, 05 in terms of the given x and y.

@ The Forward Kinematic equation are
non-linear of sine and cosine terms.

@ It is not easy to find a solution or a unique
solution in general.
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Geometrical Approach:

Example: Two link manipulator

¢® = a? + a3 — 2a1a2c05(180 — )

2., ,2 .2 _ 2
cos(t%):x +y —ay—aj

2a1a9
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Geometrical Approach:

Example: Two link manipulator

If cosfsy is known,
sin(f2) = +v/1 — D?

So,

Oy =t Two Solutions

_ N2
i i\/lD D

where,

2 2 2 2
e+ a a
D = Y 1 2

2&1@2
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Geometrical Approach:

Example: Two link manipulator

x "
7’ I
2
e - y
. _ |
// - !
. ]
DT
7’ I
g (p |
Ps 1 E
91 = (/) —
0, = fa’rfly —tan~! azsinby

x a1 + ascostsy
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Geometrical Approach:

Example: Two link manipulator

2 2 2 2
r® +y° —aj —as

2a1a2

L +EV/1-D2
D

02 = tan . D=

_ _ assinf
01 = tan lg—t(m ! 2 2

a1 + ascosls

elbow up

" elbow down

Two Solutions exist

/
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Algebraic Approach:

Example: RPP Robot

‘[:;
c 0 s s1d i
| —851  —S1d3 .
TO — A AsA. — {81 0 cids ‘l LV
3 12 0 -1 0 di+ds ' ]
0 0 0 1 J
Forward Kinematics:
r = —dzsind ‘g
2
y = d3cosby S
1}
z=di +d 5

Dr. Haitham El-Hussieny ECE447: Robotics Engineering 12 /29



Algebraic Approach.

Algebraic Approach:

Example: RPP Robot

r = —dgzsind;

{2 W -
y = dzcosb Y /l

z=di +dy

Inverse Kinematics:

o |

-1 c

01 = tan 3

(%]

Y c

o

dQ =z — dl L")

o©

ds = /22 + y? S
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Algebraic Approach.

Algebraic Approach:

Example: RP Robot

A = AQ+ A}

ce, 0 S8 0O 10
o_|S6 0 —cop 0| ,_|0 1
Al 0 1 0o Ll 2=l o

00 0 1 0 0

co, 0 S8, | d,50,
A(): 591 0 —691 —dzcal
z 0 1 0 3

0 0 o0 1

r = dosint
y = —docost

Z:ll
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Y,

¥y
Z, <
Zy
C—ly
X, d, X1
@> 01
Zy
Yo
Xo
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Algebraic Approach:

Example: RP Robot

T = dasinb;

y = —docost
z = ll
Inverse Kinematics:
-

X
01 = tan™ " —
Yy

dgz\/l‘2+y2
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Algebraic Approach:

Example: Stanford Manipulator

T(? = Ay Ag

rin Tz Tz dy

To1 To2 Tz dy

T3 T32 T3z de

Lo o0 o 1]
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Algebraic Approach.

Algebraic Approach:

Example: Stanford Manipulator

11
a1
31
Té) = A Ag Fla
rin riz Tz de o
_ ro1 Toa Tz dy ‘
N r3y raz 13z d. I3z
[ 0 0 0 1 J "3
. . 23

Not easy to find the IK in
. 33

direct form!

dy
dy
d,

Dr. Haitham El-Hussieny

cq[caleqeses — sy56) — sasscg] — da(sqcses + Cq86)
silca(cacses — s4s6) — sas5c6] + c1(s54¢506 + ca56)
—s2(eac506 — S456) — 28506

c1[—ca(cacsse + s4cq) + s25586] — s1(—s40586 + €406)
—s1][—ca(eacsse + s406) + sa8586] + ¢1(—s40556 + c406)
s2(cacrse + s406) + 25556

c1(eacyss + sacs) — 51

n

455

'

s1(cacyss + s905) + 15485

—520455 + €205

c18ads — sydy + +dg(crcacyss + c10552 — $15455)
5‘15‘2(]3 + C]_(l’g + d6(618455 —+ (45155 + 055‘152)

02(13 + (l’@(fg(% — (’.4.5'25‘5)

ECE447: Robotics Engineering 16 / 29



Table of Contents

@ Kinematic Decoupling.
@ Inverse Position Problem.
@ Inverse Orientation Problem.

Dr. Haitham El-Hussieny ECE447: Robotics Engineering 17 / 29



Spherical Wrist:

@ The joints in the kinematic chain between the
arm and the end-effector are refereed as the
wrist.

@ The wrist joints are nearly always revolute.
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Yew

ECE447: Robotics Engineering

Wrist Center Point

18 / 29



Kinematic Decoupling.

Spherical Wrist:

@ The joints in the kinematic chain between the
arm and the end-effector are refereed as the . Wist Center Point
wrist. S

@ The wrist joints are nearly always revolute.

@ It is common to attach a spherical wrist to the
manipulator end to allow the orientation of the
end-effector.
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Spherical Wrist:

@ The joints in the kinematic chain between the
arm and the end-effector are refereed as the ‘/Wrist Center Point
wrist. S

@ The wrist joints are nearly always revolute.

@ It is common to attach a spherical wrist to the
manipulator end to allow the orientation of the
end-effector.

@ In spherical wrist the axes of the three joints
are intersecting at the wrist center point.
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Spherical Wrist:

@ The joints in the kinematic chain between the
arm and the end-effector are refereed as the ‘}rﬁst Center Point
wrist. S

@ The wrist joints are nearly always revolute.

@ It is common to attach a spherical wrist to the
manipulator end to allow the orientation of the
end-effector.

@ In spherical wrist the axes of the three joints
are intersecting at the wrist center point.

@ The spherical wrist simplify the robot
kinematics. It allow the decoupling of the
position and orientation in the Inverse
Kinematic analysis.
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Kinematic Decoupling:

Given the desired end-effector pose: RY € SO(3) and O € R3

@ Problem of inverse kinematics is quite difficult.
@ If the manipulator has:
e Six joints (DOF = 6).
e The last 3 joint axes intersecting in one point (Spherical
Wrist).
then the problem is decoupled into two sub-problems:

e Inverse position kinematics.
e Inverse orientation kinematics

Do fun with robots!
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Kinematic Decoupling:
Given the desired 4 x 4 homogeneous transformation H

. Rg Og
m=[0

© The spherical wrist assumption makes the position
of the wrist center point O, is independent on the
end-effector orientation.

@ The orientation of the end-effector depends on the
last three joints.

a
Inverse Position: Solve the IK for the position of O.. AN
Inverse Rotation: Solve the IK for the orientation R} Elbow Manipulator with Spherical

Wrist
How to compute O, and Rj ?
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Kinematic Decoupling:

[1] Calculation of the wrist center O.:

@ The position of the end-effector center, Og, is
obtained by a translation of distance dg along z5
from O.. Since z5 and zg are on the same axis, we
can choose the third column of the desired
rotation R{ as the direction of z and z5 w.r.t.

base frame.
[0 0
O =0.+dsR |0| = O. =0 —dgR |0
1 1
xc— Oy — dgr13
Required Yo | = | Oy — dgr23 Given
2| O, — dgrs3
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Kinematic Decoupling:

[2] Calculation of the orientation matrix R3:

@ We know that:

R} = RIR}

So,
R¢ = [RY]™" Rg = [RY]" RY

Since Rg depends on the first three joints
variable, we can find its value by solving the
forward kinematics after knowing the three joints
values.

Required R{ =[R3" RY Given
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Kinematic Decoupling. Inverse Position Problem.

Kinematic Decoupling: (1) Inverse Position Problem

@ What is the value of 61, 05 and 65 to get
Ye Ze
- Oc = Ye ?
Zc
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Kinematic Decoupling: (1) Inverse Position Problem

@ Projection on the x-y plane:

i

01 = tan_l& ory =7+ tan_l&

Te Le
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Kinematic Decoupling. Inverse Position Problem.

Kinematic Decoupling: (1) Inverse Position Problem

Ye

Dr. Haitham El-Hussieny

Yo

@ Project the manipulator on the Link 1 and
Link 2 plane:

Z0

2 2 2 2
s +r°—as —aj
cos(3) = ————= =2 :.=D
( 3) 2a2a3
=gl 4yl 8= (2 —dh)’

ECE447: Robotics Engineering 23 /29



Kinematic Decoupling: (1) Inverse Position Problem

Ye

Dr. Haitham El-Hussieny

Yo

@ Project the manipulator on the Link 1 and

Link 2 plane:

Z0

sin(03) = £v/1 — D?

2 2 2 2 2
=+ Ye; S :(zﬂidl)
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Kinematic Decoupling. Inverse Position Problem.

Kinematic Decoupling: (1) Inverse Position Problem

Ye

Dr. Haitham El-Hussieny

Yo

@ Project the manipulator on the Link 1 and
Link 2 plane:

“ Db

O3 =t
2 2 2, 2 _ 2
s =i+ ys e = (2. — dy)
s+ 72— a% — ag
2a2a3
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Kinematic Decoupling: (1) Inverse Position Problem

@ Project the manipulator on the Link 1 and
Link 2 plane:

Ye b

Yo

18 _1 aszsinbs
an” —————
as + azcosbs

rr=al eyl 8= (- dy)
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Kinematic Decoupling: (1) Inverse Position Problem

Inverse Position Problem:

‘91 = atan2(y.,x.) OR 6; = atan2(y., z.) + 77‘

R 05 = atan2(£v/1 — D2, D)

Yo

‘92 = atan2(s,r) — atan2(assinfs, as + ascosfs) ‘

where,
What is the value of 61, 62 and 63 to get ) ) ) ) )
[a:] e =xl + vy, s% = (2zc — dy)
O. = Ye ?
Ze 52—1-7“2—(1%—&%

2(12(13
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Kinematic Decoupling. Inverse Orientation Problem.

Kinematic Decoupling: (2) Inverse Orientation Problem

R = Rotation(HY)

From DH parameters

Link | a; o | d, 6,
1 0|9 | d | 6
2 a, 05
3 as &5
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Kinematic Decoupling: (2) Inverse Orientation Problem

RY = Rotation(HY) From DH parameters

d
{61623 —C1823  S1 —‘ ¢
0
Ry = $1C23 —S81823 —C1
[ $23 23 0 J

Ry =[RS 'R = (R} R

R is the given rotation matrix of the
end-effector.
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Kinematic Decoupling. Inverse Orientation Problem.

Kinematic Decoupling: (2) Inverse Orientation Problem

R = [RY"R

C4C5C6 — 5456 —C4C556 — S4C6  C4S5 c1c23  S1C23  S23| |71 T2
54C5C6 1= €456  —S54C586 + S4C6  C4S5 | = | —C1823 —51523 (23 r21  T22
—85C6 8556 cs $1 —c1 0 31 T32
C4S5 = (€1C23713 + S1€23793 + S237'33
S$485 = —C1S523T13 — S1523723 + C23733
Cs = 81713 — C1T23
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Kinematic Decoupling: (2) Inverse Orientation Problem

C485 = €1C237113 + S§1C23723 + 823733
S485 = —C1523713 — 81523723 + €23733
Cr, = 81713 —C1T23

Inverse Orientation Problem:

95 = atan2(i\/1 — (817"13 — 017‘23)2, S$1713 — 017“23)

64 = atan2(—ci 523713 — S1523723 + 23733, C1C23713 + S1C23723 + $23733) ‘

‘96 = atan2(siri2 — c1722, —S1711 + €1721) ‘
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Kinematic Decoupling: IK solution for the Elbow Manipulator

‘01 = atan2(yc,z.) OR 61 =atan2(yc,z.) + ‘

03 = atan2(++/1 — D%, D)

‘ 02 = atan2(s,r) — atan2(assinfs, az + azcosbs) ‘

95 = atan2(:|:\/1 — (517“13 — 017“23)2, 81713 — 017“23)

‘ 04 = atan2(—ci1823713 — 1823723 + C23733, C1C23T13 + S1C237T23 + S237'33) ‘

‘96 = atan2(slr12 — C1T22, —S17T11 + 017'21) ‘

1y
NA

rf=altyl 8= (e —d)? Elbow Manipulator with

s°+r?—a3 —df Spherical Wrist
20,2(1,3

Four Solutions exist for the O,!
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Kinematic Decoupling. Inverse Orientation Problem.

Kinematic Decoupling: IK solution for the Elbow Manipulator

Left Arm Elbow Up

1y
AA

Elbow Manipulator with

) Spherical Wrist
Right Arm Elbow Down
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Kinematic Decoupling. Inverse Orientation Problem.

End of Lecture

haitham.elhussieny@gmail.com
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