LINEAR ONE FORM DEFORMATION OF SPRAYS

S. G. ELGENDI

ABSTRACT. In this paper, the linear one form deformation of a flat spray is investigated. The
metrizability of the deformation spray is characterized. New projectively flat Reimannain metrics
are obtained. These new metrics are not, generally, isometric to the Klein metric via affine
transformations. New Finsler solutions for Hilbert’s fourth problem are constructed. Various
examples are studied.

1. INTRODUCTION

The notion of sprays was introduced by W. Ambrose et al. [1] in 1960. A system of second
order ordinary differential equations (SODE) with positively 2-homogeneous coefficients functions
can be shown as a second order vector field, which is called a spray. All sprays are associated
with a SODE and conversely, a spray can be associated with a SODE. If such a system introduces
the variational (Euler-Lagrange) equations of the energy of a Finsler metric, then it is said to be
Finsler metrizable and in this case the spray is the geodesic spray of the Finsler metric. The Finsler
metrizability problem for a spray S looking for a Finsler structure whose geodesics coincide with
the geodesics of S. The metrizability problem can be considered as a special case of the inverse
problem of the calculus of variation. Several interesting results on the metrizability problem can
be found in the literature, we refer, for example, to [5, 9, 12, 13, 16] and the references therein.

The geodesics of a Finsler structure F' on an open subset U C R™ are straight lines if and
only if the spray coefficients of F are given in the form G = P(z,y)y’. Straight lines in U are
parametrized by o(t) = f(t)a + b, where a,b € R™ are constant vectors and f(t) > 0 is a positive
function. The regular case of Hilbert’s Fourth Problem is to characterize all locally projectively
flat Finsler metrics; that is, the metrics whose geodesics are straight lines on an open subset of R".
Beltrami’s theorem states that a Riemannian metric is locally projectively flat if and only if it has
constant sectional curvature. In Finslerian case, this is not true. There are non projectively flat
Finsler metrics of constant flag curvature. Flag curvature is an analogue of sectional curvature in
Finsler geometry.

Bucataru and Muzany ([6, 7]) characterized the sprays which are metrizable by Finsler metrics
of constant flag curvature x.

In this paper, we introduce the linear one form deformation. For simplicity, we consider the
linear one form deformation of a flat spray; namely, S = Sy —23C and B(z,y) = y*br () is a liner
one form on the manifold M. We study the Finsler metrizability of the deformation spray S. We
characterize the metrizability of S by a Finsler metric of constant flag curvature. We obtain a new
class of projectively flat metrics of constant flag curvature and hence new solutions for Hilbert’s
fourth problem.

The metric on B® C R" given by

1 2 2 _ 2
F = (1 + pla?)ly] 2/2{<9c,y> . yeT,B"~R"
(1+ plzf?)

is projectively flat Riemannian metrics of constant (flag) curvature p with the projective factor
P = -
to F,, for some constant p. In this paper, we obtained new class of projectivley flat metrics of

It is known that every locally projectively flat Riemannian metric is locally isometric
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constant flag curvature. This class is given by

F= \/4h(x)6ijyiyj —4(ciaiyd)? — 4 y)eiaiy’ — (¢, y)?
(2(h(2)))?

and its projective factor is

2¢i;x'yl + (', y)

2(h(z))

where h(z) = ¢;ja'a? + (', x) + ¢, ¢;j = ¢ji, ¢, ¢ = (c1,¢2,...,¢,) are constants. Starting by F,,
the general linear transformation, x to Az + B and y to Ay where A is an n x n invertible matrix
and B is an arbitrary n x 1 matrix, generates projectively flat Riemannian metrics. The obtained
class of projectively flat metrics is not, generally, isometric to F}, metric via affine transformations.

Since the deformation spray S of a flat spray Sy is always isotropic and in the case that the
curvature of S is non zero, then the metric freedom [10] of S is unique up to some constants.
Hence, in our case the deformation of a flat spray by the specific one form is metrizable by unique
metric. However, we construct new projectively flat Finsler metrics and hence Finsler solutions for
Hilbert’s fourth problem. Also, these solutions are new solutions for the system [3, 14]

((bi)wk = ‘I)((I)i)yk, (I)i =P+ vV —kF.

It is known that, [6], one of the conditions for a spray S with non-vanishing Ricci curvature to be
metrizable by a Finsler function of non-zero constant flag curvature is rank dd;(Tr ®) = 2n. As an
application of the deformation of a flat spray by a linear one form, we answer the following question:

P(J?,y) =

Does any spray of non-vanishing Ricci curvature satisfy the condition rank ddj(Tr ®) = 2n?

By an example, we show that for a spray S, if S has non vanishing Ricci curvature, then the
rank of the form dd;(Tr @) is not necessarily maximal; that is, the condition rank dd;(Tr ®) = 2n
is sharp for the metrizability of S.

2. PRELIMINARIES

Let M be an n-dimensional manifold and (T'M, myr, M) be its tangent bundle and (7 M, 7, M)
the subbundle of nonzero tangent vectors. We denote by (z*) local coordinates on the base manifold
M and by (2%,%") the induced coordinates on TM. The vector 1-form J on TM defined, locally,
by J = azi ® dx' is called the natural almost-tangent structure of TM. The vertical vector field
C=y a‘Zi on T'M is called the canonical or the Liouville vector field.

A vector field S € X(T M) is called a spray if JS = C and [C,S] = S. Locally, a spray can be

expressed as follows

9 9
2.1 S =y"— —2G" —
(2.1) Y o oy’
where the spray coefficients G* = G*(z,y) are 2-homogeneous functions in the y = (y!,...,y")

variable. A curve o : I — M is called regular if ¢’ : I — T M, where ¢’ is the tangent lift of o.
A regular curve o on M is called geodesic of a spray S if S oo’ = ¢”. Locally, o(t) = (2*(t)) is a
geodesic of S if and only if it satisfies the equation

d%x
dt?
An orientation preserving reparameterization ¢ — #(t) of the system (2.2) leads to a new spray

S =S —2PC. The scalar function P € C°(TM) is 1-homogeneous and it is related to the new
parameter by

(2.2) + 267 (m ‘C%) = 0.

d*t , de’N dt  dt
2.3 a“t_ p( i 7)7 at
23) dt? ®), dt /dt’ dt
Definition 2.1. Two sprays S and S are projectively related if their geodesics coincide up to an
orientation preserving reparameterization. S is called the projective deformation of spray .S.
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A nonlinear connection is defined by an n-dimensional distribution H : v € TM — H, €
T.(TM) that is supplementary to the vertical distribution, which means that for all u € TM, we
have T,,(TM) = H,(TM) & V,,(TM).

Every spray S induces a canonical nonlinear connection through the corresponding horizontal
and vertical projectors,

(2.4) h:%(Id—k[J,S])» v = %(Id—[J,S])

Equivalently, the canonical nonlinear connection induced by a spray can be expressed in terms of
an almost product structure I' = [J, S] = h —v. With respect to the induced nonlinear connection,
a spray S is horizontal, which means that S = hS. Locally, the two projectors h and v can be
expressed as follows

h_dxi(g)dx’ U_ayi®5y’
0 0 , 0 . A , , . oG
=2 _ N/ = Sy =dy' + NI (x,y)dat, N} =
50 Do z(x,y)ay], y' =dy' + N/ (z,y)dz", N/(z,y) oy

The Jacobi endomorphism is defined by

N I Y e o i) O
®=vol[S,h] :Rj@ ® do? = (28xj — S(ND) —NkNJ’?> o ® da’.

The two curvature tensors are related by
3R=[J,®], ®=igR.
The Ricci curvature, Ric, and the Ricci scalar, p € C°°(TM) [2] and [15], are given by
Ric = (n — 1)p = R} = Tr(®).
Definition 2.2. A spray S is called isotropic if the Jacobi endomorphism has the form
O=pJ—-—axC,
where « is a semi-basic 1-form o € A (T M).

Due to the homogeneity condition, for isotropic sprays, the Ricci scalar is given by p = iga.
Definition 2.3. A Finsler manifold of dimension n is a pair (M, F'), where M is a differentiable
manifold of dimension n and F is a map

F:TM — R,

such that:

(a): F is smooth and strictly positive on TM and F(z,y) = 0 if and only if y = 0,
(b): F is positively homogenous of degree 1 in the directional argument y: Lo F = F,

(c): The metric tensor g;; = 83?75] has rank n on T M, where F := %Fz is the energy function.

Since the 2-form dd;E is non-degenerate, the Euler-Lagrange equation
(2.5) wg :=igddjE —d(E — LcE)=0

uniquely determines a spray S on T'M. This spray is called the geodesic spray of the Finsler
function. The wg is called the Euler-Lagrange form associated to S and E.

Definition 2.4. A spray S on a manifold M is called Finsler metrizable if there exists a Finsler
function F' such that the geodesic spray of the Finsler manifold (M, F) is S.

Definition 2.5. The function F' is said to be of scalar flag curvature if there exists a function
k € C*(TM) such that
® = k(F%J - Fd;F @ C).

It follows that for a Finsler function F, of scalar flag curvature &, its geodesic spray S is isotropic,
with Ricci scalar p = kF? and the semi-basic 1-form o = kK Fd; F.

Definition 2.6. A Finsler metric F' = F(x,y) on an open subset U C R™ is said to be projectively
flat if all geodesies are straight lines in U. A Finsler metric F' on a manifold M is said to be locally
projectively flat if at any point, there is a local coordinate system (z°) in which F is projectively
flat.
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From now on, we use the notations d; for the partial differentiation with respect to z* and 0
for the partial differentiation with respect to y°.

By [11], a Finsler metric F' on an open subset U C R™ is projectively flat if and only if it satisfies
the following system of equations,

(2.6) ¥ 9;0,F — O;F = 0,

_ OFyF

In this case, G* = Py’ where P = P(x,y), the projective factor of F, given by P oF

3. LINEAR ONE FORM DEFORMATION

In this section, we consider the deformation spray S = Sy — 28C, where Sy is a flat spray; that
is, So = y'0; and 8 = b;(x)y* is one form on M. By [4], one has the following

Lemma 3.1. For the deformation spray S = Sy — 268C of a flat spray Sg. The corresponding
horizontal projectors and Jacobi endomorphisms of the two sprays are related as follows:

(a): h= ho —ﬁJ—dJﬁC,

(b): @ = (82— SoB)J — (Bd;B + d;(SoB) — 3dp,3) @ C,

Proposition 3.2. Let S = Sy — 28C be a linear one form deformation of a flat spray Sy
with non-vanishing Ricci curvature. Then, necessary conditions for the properties dyja = 0 and
rank ddj(Tr ®) = 2n to be hold are

(a): 0;b; — 0jb; =0, i.e b; is gradient (5 is closed on M ).

(b): det(aibj + blbj) 7é 0.

Proof. Let dyo =0, since dja = —3dp,d s[5, then we have
dnydB(8;,0;) = 0:0;8 — 9,08 = 0.

Using the fact @B = b;, we get 0;b; — 0;b; = 0, i.e b; is gradient.
Since Tr ® = (n — 1)(B2 — Sp3), then by a direct calculations and using that b; is gradient, we
obtain

dd;(Tr ®) = 2(n — 1)((9ib; + b;b;)dx" A dy’ + (b;0;8 — b;0;B)dx" A da?).
Consequently, rank dd;(Tr ®) = 2n if det (9;b; + b;b;) # 0. O

The above proposition together with [6] show the following

Corollary 3.3. Let S = Sy — 28C be a linear one form deformation of a flat spray Sy with
non-vanishing Ricci curvature. Then, the following conditions:

(a): 0;bj — 0;b; =0, i.e b; is gradient,

(b): det(9;b; + b;ib;) # 0,

are necessary for the equivalence of the following properties:

(P1): S is Finsler metrizable,

(P2): S is metrizable by a Finsler metric of non-vanishing scalar flag curvature,

(P3): S is Finsler metrizable by an Einstein metric,

(P4): S is metrizable by a Finsler metric of non-zero constant flag curvature,

Now, we introduce the main result of this work.

Theorem 3.4. The linear one form deformation S = Sy —2BC, B(z,y) = y*bi(x), of a flat spray
So, is metrizable by a Finsler function of constant flag curvature k # 0 if and only if

2eixt + ¢
3.1 b = thics ,
( ) k($) 2(Ciszxj + (¢, z) + ¢)
where ¢;; = ¢j;, ¢, ¢ = (c1,¢2,...,¢,) are constants.

Proof. By [7], the spray S = Sy — 28C is metrizable by a Finsler function of non zero constant
flag curvature if and only if

C1): dya =0, a is a semi-basic 1-form given by a = 8d ;8 + d;(So) — 3dn, 0,

C2): dpp =0, p is the Ricci scalar given by p = 82 — Sy3,

C3): rank(dd;p) = 2n.



LINEAR ONE FORM DEFORMATION OF SPRAYS 5

Now, consider the deformation S = Sy — 28C, where 8 = y*by,
2¢nxt + ¢
2eiyatad +(c/,x) +¢)

by = —

Since dyo = —3dp,d s, then we have
dn,dsB(0;,05) = 3i3jﬁ — @-@ﬂ = 0;b; — 0;b;.

Using the property that c;; is symmetric, b; is gradient and therefore dyo = 0.
To calculate p, let’s compute So(3) = y* 3,

2h(z)eiyiy? — (2ci2'yT + <Clyy>)2
2(h(z))? ’

for simplicity, we use h(z) := ¢;;x'a? + (¢, z) + c. Using the formula of 8 together with (3.2), we
have

(33) p=

(3.2) So(B) = —

4h(z)cizy'y’ — Acia'y’)? — 4, y)eizaty’ — (¢, y)
(2h(x))?

Differentiating (3.3) with respect to 9 and dk, we obtain:

2

4(2cikz7"+ck) (4(cijziy-7)2+4(c',y)cija:iy-7+<c',y>2>

(3.4) Op = — @@P ,
deiiyty? (QCikafl—"Ck)“rng‘,jfEly] ciky +4(c ,y)ciry"
B (2h(x))? ’

: - 8h(w)cikyi—8c- iyl eppa” —deg e aty? —4<C/7y>0k"wj—2<0/7y>0k

(3:5) Op = - 2h@)? ’ '

Now, substituting from (3.3), (3.4) and (3.5) into dpp = dn,p — Bdsp — 2pd; 3, we get dpp = 0.
Putting p;; := 0;0;p, then we get

Aeiih(x) — 4(cia®) (cjpa®) — 2¢ciciat — 2cica® — cic;
a (2h(x))? '

The condition C3) (regularity condition) is satisfied if det(p;;) # 0. Consequently, for appropriate
constants ¢;;, ¢; and ¢ such that det(p;;) # 0, the spray S is metrizable. In other words, Equation
(3.3) represents projectively flat (Finsler) metric of constant flag curvature and its geodesic spray
is S.

Conversely, let S be metrizable. Since the condition C1) is satisfied if and only if there exists
a locally defined, 0-homogeneous, smooth function g on © x R™\{0}, Q is open subset of R", such
that

djB = dn,g.
Then, we have
dsB(0;) = dnog(0i) = 0;(bjy’) = Dig = b = Dig.
Since b; is a function of z, then g(z,y) = g1(x) + g2(y), g2(y) is 0-homogenous function. Then, we
can write 3 = y'b;(z) = So(g) and b;(z) = 9;g. The condition C2) is satisfied if and only if
dnop — So(g)dsp — 2pdn,g = 0.
Applying the above equation on 9; and using that So(h) = 8 and p = 8% — Sy(3), we have

(3.6) 0ip — BOip — 2pd;g = 0.
Making use of 8 = y'9;g and p = 3% — Sy, the function
1 o
(3.7) g(z,y) = 3 In (cija'a? + (¢, x) + ¢) + g2(y),

is a solution of (3.6). Differentiating (3.7) with respect to 0 we have
2Tt + i
2(cijatal + (' x) +¢)

(3-8) br(x) = Opg = —
O

Since the relation between the Ricci scalar p and the Finsler function F' of constant flag curvature
K is given by p = kF?2, then have the following
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Proposition 3.5. With appropriate constants ¢;j, ¢, ¢ = (c1, 2, ..., cn), the class
o [A@)egyty’ — Alcijaty?)? — A(c y)eyaty? — (¢, y)?
B (2h(x))?

introduces projectively flat metrics of non zero constant flag curvature. Therefore, we have new
solutions for Hilbert’s fourth problem.

(3.9)

As a special case, we have the following

Corollary 3.6. Taking c;; = pud;j, c; =0, c =1, then we get

po_ M@y o \/<1+u|x|2>|y|2—u<w,y>2

- ) s K= U, F2:
T+ ulaf? 0+ ula?)? o Fo=olw

and g;; 1s given by

i = oij  pwmTy

Y Lt ple (1 plaf?)?
When = —1, F_1 is the well known Klein metric on the standard unit ball B™ C R™.
Corollary 3.7. Let S = Sy — 28C be a deformation of a flat spray Sy,

ﬂ _ 2Cijxiyj + <C/7y> )
2(eijziad 4+ (!, x) + ¢)
A necessary condition for the properties (P1)-(P4) to be equivalent is c;j # 0.

Remark 3.8. The deformation of a flat spray by a linear one form gives the following advantages:
— It is a way to obtain projectively flat Riemannian metrics of non zero constant flag curvature,
— It gives new solutions to the system [3], [14]

(q)i>zk = (b(q)i)yk, (I)i =P+ vV —KF,
— It gives new solutions for Hilbert’s fourth problem.
It is known that, [6], one of the conditions for a spray S with non-vanishing Ricci curvature to be

metrizable by a Finsler function of non-zero constant flag curvature is rank dd;(Tr ®) = 2n. As an
application of the deformation of a flat spray by a linear one form, we answer the following question:

Does any spray of non-vanishing Ricci curvature satisfy the condition rank ddj(Tr ®) = 2n?

The following proposition shows that, for a spray .S, if S has non vanishing Ricci curvature, then
the rank of the form dd;(Tr ®) not necessarily maximal; that is, the condition rank dd j(Tr ®) = 2n
is sharp for the metrizability of .S.

Proposition 3.9. Let ® the Jacobi endomorphism of a spray S , then we have:
(a): If rank ddy(Tr ®) = 2n, then S has non-vanishing Ricci curvature.

(b): If S has non-vanishing Ricci curvature, then rank ddj(Tr ®) is not necessarily mazimal.

Proof. The proof of (a) is obvious, so we prove (b) only. The proof of (b) can be performed
by providing an example in which S has non-vanishing Ricci curvature and dd;(Tr @) has not
maximal rank. Let

$=5-280 4= grdn o =gy

where ¢’ = (c1, g, ..., ), ¢; and c are arbitrary constants. Since Tr ® = Ric = (n — 1)(5% — So),
Ric is the Ricci curvature. Then, we get
(', y)?
4((c',z) + )’
Since n # 1, we have Ric # 0. Straightforward calculations lead to
ddy(Tr ®) = 2(n — 1)(eujdz’ Ady’ + Bijda’ A da?),
where o;; = ;—-<i—. Then, dd;(Tr ®) has maximal rank if det(c;;) # 0, but det(a;;) = 0 and

4({c ) +c)
moreover rank(a;;) = 1, then the result follows. O

Ric = (1 — n)
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4. AFFINE TRANSFORMATIONS OF KLEIN METRIC

The metric on B™ C R™ given by

1 2 2 _ 2 _
P = w ey~ ply)?  —mley) Cpga e

(1+ plz]?)? T Tl
is projectively flat Riemannian metrics of constant (flag) curvature p. It is known that every
locally projectively flat Riemannian metric is locally isometric to F), for some constant x. In case
of p = —1, it is the well known Klein metric on B”(1). From now on, by abuse of language, we
will call F, by Klein metric. Starting by the Klein metric, the affine transformation, = to Az + B
and y to Ay where A is an n X n invertible matrix and B is an arbitrary n x 1 matrix, produces
projectively flat Riemannian metrics.

Theorem 4.1. The class (3.9) is not, generally, isometric to the Klein metric via affine transfor-
mations.

Proof. Consider the affine transformation T to Az + B and j to Ay, where A is an n X n invertible
matrix and B is an arbitrary n x 1 matrix,

ail ... Q1n b1
A=
anl  --- Qpn b,
Then we have

n n
7 = () ariar)z'z? + 20> aribr)a’ + (b,
k=1 k=1

n
gl* = (Z ariar;)y'y’,
k=1
n n
@7 = O ariarg)x'y’ + (O agiby)a’,
k=1 k=1

where [b]? = b2 + b3 + ... + b2. Therefore, the Klein metric transforms to
(4.1)

H () (Y p—y ariang)yy? — p((Xp_y ariany)wiy?)? — 2u(B',y) (O h_y ariar;)xiy? — p(B',y)?
(H(z))? ’

where H(z) = 1+ p((XCj_, ariar)z's? + 2(3 4, akbr)z’ + b|?), B’ = (Bi,...,By), B; =
> h_i akibp. Now, comparing the equations (3.9) and (4.1), we get

F =

n n
2¢;; = uZakiakj, c = uZakibk, 2c=1+ u|b|2.
k=1 k=1

Thus we get, formally, the class (3.9). So once you have the transformation then you obtain the
c's, but if you have the ¢’s then the transformation not necessarily exist.

For example, let
! ( ail  ais ) ’ B < by > .
21 Aa22 b2

Then the constants ¢’s are given by

c11 = 5 (a3, +a3))

SRS

o2 = 5 (a3, + a3y)

[\

c12 = 21 = plaiiais + asass)
c1 = p(airby + azibe)
co = p(ai2by + azzbs)

—_

c==(1+ p(b] +b3)).

[\)
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So if the matrices A and B are given, then one can get the ¢’s but if the ¢s are given, generally, the
above system is inconsistent. For instance, take c11 = coo = 0,c12 = co1 = 1,c1 = 1l,co =1,c¢=1
(taking the fact that in our case pu # 0 into account), we get a projectively flat metric and at the
same time by substitution in the above system one obtains inconsistent system. For this choice of
the ¢’s, we have

)

p_ | Brizayiys — 4yl — dady? + dwiyiys — dwiys — dway? + 4vay1ys — u + 6yrye — y3)
4(2$1$2 +x1+ 22 + 1)2
and the projective factor is given by
5= 12390 4 2x0y1 + 41 + 12
2 2!171332+IL‘1 +SCQ+1 '
So one can say that the affine transformation of Klein metric is contained in (3.9) but not any
metric in (3.9) can be obtained by an affine transformation. O

Now, the question is

What is the isometry (transformation) between the klein metric and the class (3.9) ¢

5. FINSLER SOLUTIONS FOR HILBERT FOURTH PROBLEM AND EXAMPLES

Since the deformation spray S of a flat spray Sy is always isotropic and in the case which the
curvature of S is non zero, then the metric freedom [10] of S is unique up to some constants.
Therefore, in our case the deformation of a flat spray by the specific linear one form 8 = b;(x)y"
where b;(x) given by (3.1) is metrizable by unique Riemannain metric given in (3.9). However,
in this section, we introduce some new projectively flat Finsler metrics and hence new Finsler
solutions for Hilbert’s fourth problem. Although, Lots of new projectively flat Finsler metrics can
be constructed, we will mention only two examples.

For simplicity we consider the following special case.

Corollary 5.1. Putting c;j = X5, we have

Gl F= \/ Dl + (¢ 2) + )yl — D (,)? = N y)y) = (¢ y)”

Az + (¢, x) +¢)? ’
s a class of projectively flat metrics with the projective factor
g=_ Ay t+idy
2(M|z[? + (¢, 2) +¢)
By making use of the above corollary, since f3 is closed one form on M and F is projectively flat
Riemannian metric, then we have the following example of projectively flat Finsler metric.

Ezample 1. The class of metrics
7 _ VAP + (¢, 2) + o)y — N (x,9)* — AN, ) (2,y) — (¢ 9)° + M@, ) + ()
2(Mzf? + (¢, z) + )
is new class of projectively flat Finsler metrics. Where
—i , 2z, y) + {c, Aly|?
¢ =Py, Pley)= 2(A|3§2 —y|-><c’,<x> %J|—>c) * (F ~ IF(Nal? mcl,@ T c)) '
Consequently, we have new Finsler solutions for Hilbert’s fourth problem.

By the help of [8] (Example 8.2.2, Page 156), we have another Finsler solution for Hilbert’s
fourth problem as follows.

Ezample 2. The metric
(c,y){c,x) — 4\(z,y)
(—) =

(z.9) de|z|? — 2

L V16X (. y)? — [2PlyP?) + (¢, 9)2(¢, 2)° + Dz = ) = 8Ae(d, y)(d ) {m,y) + Ay
de|x|? — 2
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is Funk metric and, moreover, it is projectively flat with the projective factor P = %’y). Thus
O(xz,y) is projectively flat with constant flag curvature —1

Z.
Proof. Using (5.1), we have

Ayl — (¢, y)?
4c? ’

F(0,y) = ¢(y) = \/
Define

O(z,y) = ¢(y + O(z,y)x) = \/‘MCIy + Oz, y)zv|24;2<c’, y+6(z.y)r)*

Squaring both sides of the above equation and solving it for ©, we get the required formula. Since

@(y) is a Minkowski norm, then O(z,y) is Funk metric and it is projectively flat metric with the

projective factor P = =34, O

The following example shows a one form deformation of a non flat spray which is not metrizable.

Ezample 3.
Let M = {(z',2%) € R? : 22 > 2} and Sj be a spray given by the coefficients

1\2
1. (y') 2.
Gy = TR Gy =0,

and take 8 = y! 4+ y2. Now consider the deformation S = Sy —23C. The new coefficients are given
by

Gl - (y1)2
272
The spray S is isotropic and the coefficients of the nonlinear connection are given by

1
y
Ni=g420 4y NP=y', Np=y’ Nj=y' 427

+y' (' + %), GP=vr(y ),

The horizontal basis is {hi, ho} where

_ 0 y' 1 2\ 9 2 0
hl_a:cl_(x?+2y+y o Yoy
_ 0 40 1 2y 0

We have

((z2)2y' + (22)%y2 + 229! — y222 + ¢\ 0
= [[h1, ha], h1] = — —
o = [l ] = - ( e -
. (22)2y" (22)2y2 + 202y" + 222 + ¢! 9
(22)? dy?
(z2)3y" + (22)3y2 + 241\ 9

= ||h1, hal, ho| = — —

V2 [[ 1 2]a 2] ( (12)3 ayl
. (22)2y" + (22)2y2 — 22y! + 2y 9

(x%)? y*
Being v; and vy linearly independent we have H = Span{hi, ha,vi,v9} = TTM, where H is
the holonomy distribution generated by the horizontal vectors and their successive Lie brackets.
Consequently, the Liouville vector field C' € H hence the spray is not metrizable.

The following example introduces a one form deformation of a flat spray which is not metrizable.

Ezample 4.
Let M = {(z',2%) € R? : 22 > 0} and Sy be a flat spray. So the coefficients are given by
Gy =G5 =0,
and take 8 = y! 4+ y2. Now consider the deformation S = Sy —23C. The new coefficients are given
by
G=y'y' +y?), G = ),
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The spray S is isotropic and the coefficients of the nonlinear connection are given by
N =2 +¢% NP =y', Ni=y> N5=y' +2°
The horizontal basis is {hy, ho} where

0
h:7*21 2y Y 2 Y
1 8301 ( Yy +y ) ayl Yy 8y2,
0 0
he = — —y'— — (y* + 2¢%)—.
2 (91'2 Yy (9y1 (y + Y )ayg
We have
1o}
= [hi,ho) = — (y' +9°) =+ (¥' + %) 5.
vy = [hq, hol (y +y)ay1+(y +y)8y2

The successive Lie brackets of hy and hs produce no more linearly independent vectors and hence
the holonomy distribution H = Span{hi, he,v1}. The metric freedom [10] of S is unique. Now we
can check if we have regular energy function metricizes S or not.
The spray S is Finsler metrizable if there exists a function E satisfying the following system of
partial differential equations
LoFE =2F, dpE =0,

which can be written in the form

y131E + ygagE —2F = 0,

OF . W OE  L,OF
ozl (2y' +v°) Y By =0,
0E  ,0E |, _ ., OE
axz_y ayl _(y +2y )6y2 :Oa
) oE
~W+y) 5+ W +y) 5 =0

oyt 0y

The above system has the solution
E = Cpe*@ o) (1 4 42)2,

The matrix (g;;) associated with E is singular and hence the spray is not metrizable. Here in this
example S is closed but det(9;b; + b;b;) = 0.
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