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Proposition 3.2.20 Let I be any class and (X;,7;) be a GTy-space foralli €1
and f; : X; — X be a surjective fuzzy open mapping for some 1 € I. Then the final
fuzzy topological space (X, T) is also GTy.

Proof. Let F, G be disjoint closed subsets of X. Since f; is surjective and contin-
uous, then fY(F), f71(G) are also disjoint closed subsets of X;. Because of that
(X;,7:) is normal it follows there are A;, p; € L% such that

/\ (int, A)(z) A /\ (int, ;) (w) > sup(Ai A p;)
2 f71(F) wefTHG)
which means
A Gt A) (7 @) A\ Gt ) (£7(0)) > sup(hi A )
TEF ¥EG
and this means
N (filint A))(@) A N filintr ) () > sup(Ai A ).
zeF yeG
Since f; is fuzzy open, it follows fi(int-A;) < intry(fi(A)) for all A € L% and
therefore
A (inbs g i@ A A (b f5)w) > sup(F0) A Filki).
z€EF yEG

Since fi( M), fi(p) € L*, then we get that the final fuzzy topological space (X, T) is
normal. From Proposition 3.2.8 it follows that (X, 7) is GT;-space and hence 1t 1s

G'Ty-space. O

The following result is a direct consequence of Propositions 3.2.19 and 3.2.20.

Corollary 3.2.10 The fuzzy topological quotient space and the fuzzy topological

sum space of GTy-spaces are also GT,.
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3.3 The Relation Between The (GT;-Spaces and
The FT;-Spaces

This section is devoted to show that our notion of GT;-spaces is more general than

the notion of F'T;-spaces, defined by Kandil and El-Shafee in [34], fori = 0,1, 2,3, 4.

Definition 3.3.1 [34] A fuzzy topological space (X, 7) is called:

(1) FTo if for all z,y € X with ¢ # y we have z,gcl.ys or cl,z,gys for all
a, B € L.

(2) FT, if for all z,y € X with z # y we have z,gcl,ys and cl,z.Gyp for all
a,ﬁ c Lo. B

(3) FTy if for all z,y € X and all a,f € Ly we have z,7ys implies there exist
O,y Oy, € 7 such that 0.,70,,.

(4) FTs if it is FT; and for all fuzzy points z; and all closed fuzzy sets f with
2,q f there are O, Oy € 7 such that O.,§Oy.

(5) FTyifit is FTy and for all f,g € 7' with fgg, there are Oy, O, € 7 such that
0,50,.

By FT:-space we mean the fuzzy topological space which fulfills the axiom FT;.

In the following proposition will be shown that the class of GTy-spaces is larger

than the class of F1j-spaces.
Proposition 3.3.1 Each FIy-space is GTy-space.

Proof. Let (X,7) be an FTy-space and let z,y € X with z # y. Then from (1)
in Proposition 1.2.1 it follows z,§ys for all a, 8 € L and thus z,§clyys. By (2) in
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Proposition 1.2.1 we have O,, € r such that @, gy, that is, we have f = O, € L*X
with yg < f'. Thus

fly) £ (1 - B) and o < int.. f(z)

for all o, B € Lo. Taking (1 — ) < a we get f € LX and a € L such that

f(¥) < a <int, f(z).

Hence, (X, 1) is GT,. D

The following example shows that there are GTy-spaces which are not F'Tp-

spaces.

Example 3.3.1 Let L = [0,1}, X = {z,y} with = # y and let 7 = {0,T,2,0}.
Then (X,7) is a fuzzy topological space. Also, we have z # y implies there is
f=azi€ LX with fly) =0<1/2 = int, f(z), and thus (X, 7) is GTy-space. Since
the open fuzzy neighborhoods O, of z, and the open fuzzy neighborhoods O,, of i
are only 1, it follows z,§y, implies Oz, qy and Oy, qz, for all O,, and O,,. Hence,
(X,7) is not FT;-space.

The following proposition shows that (G1)-spaces are more general than FT)-

spaces.
Proposition 8.3.2 Each FTi-space is GTy-space.

Proof. Similarly as in Proposition 3.3.1. O

Here, an example for GTy-space which is not FT;-space is given.

Example 3.8.2 Let L = [0,1], X = {z,y} with z # y and let 7 = {0, 1,212, 9172,
Z1/2 V y172}. Then (X,7) is a fuzzy topological space and therc are f = z; € LX
and g = y; € L¥ such that = # y € X implies

fly) = 0<1/2 = int, f(z)




