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1- INTRODUCTION

One of the greatest remarks in the higtory of celestial
mechanics was the pioneer research of the great French mathemati-
cian Louis Joseph Lagrange (1736-1823). His| fame came in 1772
from his research [45] for the particular solutions of the Three-
Body Problem, in his prize memoir "Essai d'une nouvelle method
pour resoudre le probleme des trois corps”™. Lagrange solved the
problem of the one body motion around a fixed center (two—body
problem) taking into account the forces which produce the pertur-
bation to the Newtoﬁian law of gravitation. [Nevertheless, there
are more problems to be considered for the motlion of the artifi-
cial Earth satellites. In the case of the Thfee Body—-Problem,
Lagrange was faced by a quintic (fifth degree) equation. The
quintic equation appearing in the stationary |solution was called
Lagrange's equation. These problems in the artificial Earth
satellites and the exact solution of the quintic equation associ-
ated with Lagrange's planetary equation are our aim of the

present work.

1.1 The Earth Artificial Satellites

The mere anticipation of artificial satellites had already
motivated several celestial mechanics theoretficians to turn their
attention to the dynamical motion of these artificial objects.
The whole succession of analyses was generatgd for an Earth

satellite theoretical orbital motion., employing almost every
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where R is the equatorial radius of the Earth. ju iz the Eafth's
gravitational constant, (r.i,6) are the geocenfiric coordinates of
the satellite with A measured east of Greenwicl, Cpm and San are
harmonic coefficients, and P,® (Sind) are assoqgiated with
Legender polynomials. 1In the potential functign (1.1), thé terms
‘with 0 < m <n correspond respectively to Zonal tesseral and
sectorial harmonics. The case of axial symmefry is expressed by
taking m = 0, but if equatorial symmetry is agsumed, we consider

cnly even harmonics, since Pﬁu(SinG} = - Py, (+5in6). Also. the

ceefficients Cy; and 5, are vanishingly small Further, if the

origin 1is taken at the center of mess, the ¢oefficlients Cy,.

e

)
-
—

and S, will be egqual zero. Therefore, in actual practice, Eg.

(1.1) is better to be written as:

=- P a P, (sind) _
Ir * unz:‘; R%J, ra+l
n a ]
-p Y ¥ RE(C,co8mr + S,,8inml) _1_’1_(8;516)_
nzz2 n=-1 roar

The Earth's oblateness is the major contriller of an Earth
gatellite orbit. As shown in the last Eq., this can be expressed

in the form

v=-LY 7,(3) P, (sinp)

n=2

where (as mentioned above) u is the Gaussian cpnstant multiplied
‘'by the mass of the Earth, R is the mean equatprial radius of the

Earth, B is the terrestrial latitude, P, is the Legendre polyno-
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fifth =zonal harmonics and gave the long period terms and the
additions to the secular motion caused by the further harmonic in
the potential.

Garfinkel and Gregory [23] extended the known solution of
the main problem of the artificial satellite to include the
effects of all the higher zonal harmonics of the geopotential.

This problem in its Hamiltonian form was treated by Claes
[9]1. His method is based on eliminating angullar variables from
the Hamilteonian functicon. Lie transformations mre used, tc remove
short periodic terms, then long periodic terms. The general
solution up to JZSis represented by the genergtors of the trans-
formations.

Since the early studies of Vinti (1959-19£1) and Aksenov et
al (1963) an efficient method of the motion ardalysis of
artificial satellite 1is the two fixed-centerg method. This is
for three major reasons:

1- The motion of a satellite in the gravitational field

of two fixed point masses is integrable.

2— The harmonics of the Earth's potential| are, by far, the
largest source of perturbation of the motion of
artificial satellites.

3- The relative difference between the Eafth's potential and
that of a single center is of order of 104, but two
suitable fixed centers give a much better approximation
of the order of 107,

Under these conditions the solutions of the tw%—fixed centers
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problem ‘can be used as an excellent first approximation of the
motion of artificial satellites. From this mtudy Marchal [48]
shows that: with the Hamiltonian parameters dewveloped for the two

~fixed centers problem, a simple and very accurate expression of

the ‘quasi-integral’ can be given for the ytion of artificial

satellites perturbed by the Earth's zonal harmonics. This motion
can be considered as integrable. A theoretical analysis showed
that the relative difference between the rue motion and the
corresponding ihtegrable motion remains forever less than 1044.
for all regular orbits, even in the vicinity af critical inclina-
tions.

Zafiropoulos [78] integrated the equatidn of the variation
of the oscillating elements of a satellite | moving in an axi-
symmetric gravitational field to yield the omplete first order
perturbation for the elements of the orbit, The expressions
obtained include the effects produced by the second to eighth
spherical harmonics.

The perturbation in the position of the satellite due to the
Earth's gravitational effects in the radial, transverse and
normal components was given by Roshorough and Tapley {3531.

Economical and stable recurrence formula for the Earth's
zonal potential and its gradient KS regularized tﬁeory have been
established by Sharaf and Awad [59] for ny number of zonal

harmonic coefficient.
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The drawbacks of the canonical formulatipn were in the areas

of :

(1) The extensive and confusing notation required in the

solution.

(2) The art of determining and selecting the generating
function that has a desired form and result.

(ii) Non—canonical variables.

The problem of the motion of a satellite. subject to a force

resulting from an inverse-square gravitational attraction and a-

perturbation due to the Earth's oblations an constrained to Lie

in equatorial plane was treated in 1983 by | Jezewski [40]. He
gave an analytic solution for the J, perturhed equatorial orbit
in terms of elliptic and integral functions, by using a non-
canonical approach to obtain a uniform analyfical solution for

the problem. The basis for the solution wa the transformation

and uncoupling of the differential equations that describe the

model. The resulting equations are amenable to analysis. There

are a two fold utility for such a solution: |The first leads to a
clearer understanding of the motion by examining the simplest
model. The second is to use the solution as &n intermediary orbit
for the motion subject to perturbations du¢ to =zonal harmonics
and small inclinations.

Heimberger et al [31] treated the motion of artificial
satellite in the gravitational field of an oblate body by using
two Lie transformations to derive explicit  result for the long

periodic and secular perturbation for satellite's orbits.
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he perturbation of

;In the previous methods, authors gave
the %onal harmonic on the orbital elements, but Roth [56] gave a
forﬁula for the perturbation of the anomalistic period (the time
interval between two successive pericentre pasgses of a satellite)
of a highly eccentric orbit due to the zonal harmonics. This
perﬁurbation depends essentially only on the| semi-major axis a,
theieccentricity e, and the latitude 6 of periicentre.
" In the present work an improved analytical solution was
obtained for the motion of an artificial satgllite subject to an
invérse—square gravitational force of attraction and a perturba-

tion due to =2onal harmonics through Js_ Oour solution bgsed on

the%perturbation techniques proposed by CUI YWU-XING {10}. He
derived the perturbation of artificial satelliite by a new method.
Thefnovel feature of the method was that the jright hand term
f(t;x) of the differential equation needs ngt to be developed in
series as it was performed by the Von Zeipld's method and other
methods. In CUI solution, the disturbing function for the

artﬁficial satellite motion was limited to| zonal harmonics J4,

whille in the present work the disturbing fun tion will be limited

to ponal harmonics J to obtain more accuracy to the value of the

orbiital elements (a.,e.i.Q.e.M,).

1.2 The Three Body Problem
Although three body systems seem to be nly a single step
removed from the two-body problem, the threetrbody problem is of a

much higher degree of complexity than the two-body problem. If
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rapid development of mathematical generaliz tions in which the

basic qualitative nature of the operations hag given more empha—
sis than the operations themselves. Thus. one can still derive
qualitative properties of the solution characteristics from the
nature of the equations themselves instead of solving differen—
tial equations. Poincare introduced this opological approach
into studies of the fundamental behavior |of the three—body
motion. Although the topological viewpoin does not lead to
quantitative solutions, it does provide a | new outlook which
generates a considerable deep insight into th fundamental nature
of the general motions.

Solutions to the three-body problem are now obtained almost

by numerical integration through the wuse o automatic digital
computers. In principle, the general three-body motion could be
investigated by numerical solution of a variety of configura-
tions. This is not a practical technique because of the large
number of cases that would require solution coupled with the
large cost of calculations, even using modern high—-speed computer.
(I) The Restricted Problem

The festricted problem of three bodies occupies a central
place in analytical dynamics, celestial mechahics, and space

dynamics. Entry into celestial mechanics an

-

space dynamic can
be gained by the study of the problem of two pbodies. This
problem begins with Euler and Lagrange in (1772}, continues with

Jacobi (1836) and Hill (1878)., and is followefl by Poincare
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(1899), Levi-Civita (1905), and Birkhoff (1915). The span of
almost 200 years, from Euler until now, includes other great
names and important contributions.
The difference between the general three body problem and
the restricted problem are:
(i) The ehergy is conserved in the former and not conserved in
the latter.
(ii) The general problem allows any sets of initial conditions
for the three particles involved: the restricted problem

reguires circular orbits for the primarigs.

(A) The circular restricted three body proble

In this problem, two bodies revolve around their center of
mass in circular orbits under the influenge of their mutual
gravitational attraction and a third body| (attracted by the
previous two but not influencing their motion) moves in the plane
defined by the two revolving bodies. The restricted problem of
the three bodies is to &escribe the motion ¢f this third body.
If the problem is further restricted, the Lest particle being
constrained to move in the orbital plane of the two massive
bodies. This particular variation is called the coplanar

restricted three-body problem.

(B) Modifications of The Restricted Problem
The restricted problem of the three Dboflies is a specified

circular motion for m, and m, and the motion ©f m; must take
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place in the plane defined by the motion of m| and m,. Here some

modifications of this basic problem which are mentioned in (73].

(1) The motion of my and m, is not circular. In this case m
and m, are moving in a conic section. ne most important
case is when m; and m; are moving in elliptical orbits
which define then "elliptic restricted problem"

(ii) When the initial conditions are such that the third body
js not initially in the plane of motion of my and m,, or
when its initial vector velocity has a c¢omponent not in
the plane in which the three—dimensional restricted problem
is concerned.

(iii) The value of the mass ratio m;/m,, denoted by (u) have
important effects on the motion of the third body and on
the approach to the problem. When u=0, tﬁe restricted
problem changed to two-body problem, S0 problems with small
values of (u) appear as perturbation prgblems of the two-
body probiem. Specification of u is impertant, the case
u=1/2 is essentially a three-body problem and is known as
the Copenhagen problem. Poincare's restricted problem
assumes a small value of u so that perturbation theories
become applicable.

(iv)' If masses of the participating primaries vary with time,
the basic equations of motion are to be significantly
modified but the basic idea of the restricted problem is
gtill useful in stellar dynamics.

(v) If the noncentral forces are involved in the problem, the
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important gquestion is whether a circular or conic section
motion of the primariés.is still meaningful or not.
If so, the modified field becomes significant only when the

motion of the third body is studied. This case has been studied

by many authors, for example Sarris {58}, adjidemetriou (28],

(Kwok and Nacozy) [44]. Timoshkova [75} nd{Shrivastava and

Ishwar) {611].

(I1) Lagrange's Equation

It is well known that there are five equ librium solutions
in the restricted three-body problem. Three are collinear with
the primaries and the other two are in equilateral triangle
configuration with the primaries. Douboshin [16] began the
systematic study of the n-rigid bodies problem proving the
existence of ten integrals of motion. Afterwards a number of
papers have been devoted to this subject, nd the case of the
three rigid bodies has been extensively studied.

In particular, the restricted problem o three rigid bodies
m, .m, ,m; is obtained as the study of the motjion of infinitesimal
mass m,, under the action of the primaries m,, m,. This study
was begun by Nikoloev [53], who obtained eguilibrium solutions
when the more massive primary m, is an oblate spheroid, and the
other two are spheres. This work is extended by Sharma and
Subbarao [60] in the case where m;, m, are oblate spheroids, and
where the infinitesimal m, is a sphere. Also. Douboshin {17] has

given conditions for the existence of colline r and equilateral




19

equilibrium solutions in the case of rigid bodies having an axis

and a plane of symmetry. Other authors such |as Elipe and Ferrer

(19) continued the work of Duboshin giving | explicit equations
that allow to obtain the collinear and triang lar solutions which
in general are not equilateral.

In the planer case of the problem, these families have been
computed both for collinear points (Henon, 1965) (32] and the
triangular points, Goodrich [26] and Deprit (151 and their
termination has been determined.

The families of_the three dimension periodic solutions about
the collinear equilibrium points have been studied for lafge
values of the mass parameter (u =0.4) by Bra and Goudas (3] and
small (p = 0.00095) by Zagouras and Kazantzis

The three dimensional periodic oscillati
triangular equilibrium points have been studied by series expan-
sions {Buck [7]1., Heppenheimer [33], Erdi ([20]} which are valid
for small values of the orbital parameters used in each contribu-
tion i.e, they are wvalid in the vicinity of the equilibrium
points.

The third order parametric expansion given by Buck in
(1920) for the three dimensional periodic solutions, about the
triangular equilibrium points of the restricted problem, are
improved by fourth order terms. The corresponding family of
periodic orbits have been computed for (u= 0.00095) Zagouras [80]

and their terminal has been determined.




20

Also, Gomez and Noguefa [24] gave some numerical results
about natural families of periodic orbits, which emanate from
limiting orbits around the equilateral equilibrium points of the
restricted three-body problem, when the mags ratio is greater
than Routh's critical one. Delibaltas [14] shows  that in the
general planer three-—body problem, for congtant values of the
three masses (m, ,m,.m,) a symmetric periodic orbit with a
binary collision in a rotating frame of refegence, is determined
by the values of the abscissa %, of m, and the energy E of the
system. In the case of equal masses of the two bodies and small
mass of a third body, there are several  symmetric periodic

collision orbits similar to the corresponding orbits in the

restricted three-body problem. Many authors have studied the
problem of periodic orbit. Hadjidemetriou [28] presented some
families of periodic orbit when the masses of two of the bodies
are small compared with the mass of the |third body. Also,
Markellos [49] outlines the procedure involved in the determina-
tion of any type of three dimensional periddic orbit and apply
them in computing families of such orbits of the general three—
body problem.

The three dimensional periodic motion about the positions of
equilibrium of the Hill problem has been studied by Zagouras and
Markellos [81}. Periodic solution are approximated via a fourth
order parametric expansion with respect to an orbital parameter.

Kammeyer [41] established many of the symmetric periodic

orbits in the rectilinear problem of three bodies with the middle
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mass much larger than the outer masses. He shows that for all of

the families of orbits which have been explored numerically,

stability holds for small ratios of the outer masses to the inner

mass.

A large number of authors ﬁave already described the essen—
tial features of the planer elliptic restricted three—body
problem, in order, mainly, to compare and contrast this problem
with the better known circular three-body prcblem, e.g Broucke
(4]1. Also, Kwok and Nacozy 143] provide resulks concerning
relations between families of periodic orbits in the circular and
elliptic restricted problem. A systematic apprecach is taken to
generate periodic orbits of the elliptic restriicted problem from
families of periodic orbits of the circular regptricted problem.
This problem was studied by Gomez and Merce [25] when the
mass ratio is equal to zero. When two bodies moving in orbits
around the same primary body have mean motions whose ratio is
close to that of two small integers.

When Lagrange planetary quations are integrated to give the
solution in the form of a power series in the mass of the dis-
turbing body, certain terms in the disturbing function, (the
critical terms) give rise to terms of long period and large
amplitude in the solution. For very close dommensurable cases
the amplitude of these perturbations can be s large that the
higher order terms in the power series becomed important, and so
some other methods of solving Lagrange equations are necessary.

There is no known methods of solving the equations analytically
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in a closed form for a general case close to a commensurability,

but certain particular solutions of the problem are known. There

are 'periodic solutions' in which the three bodies periodically

return to the same configuration in an appropriate uniformly

rotating frame of reference. Many such solutions are known for
the plane, and one of the secondary bodies has| zero mass, and the
other., the disturbing body. moves in a fixed circular orbit
around the primary. Sinclair [63] states tha various families
of periodic solutions are shown to exist in the three—body
problem in which the two secondary bodies are rlose to a
commensurability in mean motions. Both the | restricted problem
and the planer non-restricted problem are considered.
Lyapunov [47] has shown that the Lagrangimn solutions of the
unrestricted three-body problem are unstable if the condition for
stability is that the perturbed and unperturbed triangles formed
by the attracting masses differ infinitesimally from each other,
and that the sides of the triangle in the perturbed motion differ
infinitesimally from the lengths which they would have had at the
same moment of time in the unperturbed motion.
It is of interest to investigate the stability of triangular
Lagrangian solutions of restricted problems of celestial mechan-
ics. 1In fact. the triangular Lagrangian solutions of the re-
atricted circular three-body problem possess gtability in the
original sense, namely, these solutions are stable in the first
approximation if the condition for stability is that the coordi-

nates of the vertices of the triangle in the perturbed motion
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differ infinitesimally from the coordinates

triangle at the same moment of time.
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satisfies the inequality u < py = 1/26.
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Bhatangar and Hallan [2] studied the effect of
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small perturbations in the Coriolis and the cei
the location and stability of equilibrium poinj

ed problem. They proved that for the triangulq

the range of stability increases or decrea
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parts in which the (e, ') plane is divided by
36 — 19 2' = 0.

Ishwar and Singh (38] studied the effect
the location of the equilibrium points in the
of three bodies with variable mass. Singh and
examined the effect of perturbations in Corio
forces on the stability of triangular points
problem of three—-bodies with variable mass.

Lagrange in a stationary solution of the
was faced by unsolvable quintic equation. At
[63] gave an analytical solution of this equ

his solution numerically. He applied an eleme

formula for the closed form solution of nonlinear equations.
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results (obtained by both approacheé) are
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masses take different values. We studied these two approaches

carefully and used one to obtain the numerical results.

This thesis is divided into four main chapters following the
literature survey which 1is given in chapte (1). The second
chapter presents the basic concepts and efinitions of the
planetary motion.

The third and the fourth chapters deal with the problem of
analytical theory of Earth's artificial satellite under the
effect of the =zonal perturbations. We treated it by wusing CUI
DOU-XING technique to obtain the first and second order pertur-
bations in - the orbital elements. The expressions obtained
jnclude the effects produced by the second through six zonal
harmonics. The secular terms of the first mnd gsecond order and
the periodic terms of the first order are pbtained. Numerical
examples in which the values of the orbital elements,
(a,e,i,.R,0.M, )} are found. In the first example of the Balloon
satellite 1963, 30D, numerical values for the orbital elements at
the beginning, middle of the lifetime of the Balloon and near the
decay are computed. Another example of he Pageos 1 Balloon
satellite was also considered where numer cal values for the
orbital elements were found, at the begimning, middle of the
first two years of the lifetime and near the end of the second
year. A comparison is then made between our| results and the
results obtained by Slowey and Susanna.

The fifth chapter describes the formulation and solution of

the quintic equation appearing in a stationary solution of the
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three-body problem which is known as Lagrange equation. This
equation was solved when the distance between two masses m;, M,
is not equal to one Astronomical unit, by using Toakimidis method

For the first time a verification of this solution in the

solar system was given with numerical examples.




