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CHAPTER {1V

Distribution of a complex of lines in Euclidean

Space Ej into one parametric family of normal

congruences,

%,1 Points of orthogonality :

In this section we discuss the distribution of any arbit-
rary complex in E3, into one parametric family of normal congru=~
ences, For this purpose we start with the definition of points
of orthogonality., The differential equation of the complex of
lines generated by §3, with respect to arbitrary frame, is given
by (3.5) in the form

2 1 2 1
v =kw +aw +bw. _ +,1)

~

Iet M=A+ ¢ ...@.3 be any point on the ray of the complex -+which
discribes an integral surface, orthogonal to the ray §3 of the

complex, In this case we have $

w3 +dt =0 with D (w3 +d4t) =0 (4.2)

!

For the complex which is a three parametric family of lines, all
the forms wi, W1 are functions of u,v,w , du, dv, dw. The
relation w = f{u,v) determines a congruence as a two parametric
family of lines. Conslider the relation

1 1 2

w =AW +Bw , .3)

3 3

which determines a congruence of lines of the complex (4.1).
Exterior differentiation of (%.3) and using Cartan's lemma,

we get ¢
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: 1 2
[an w3] + [AB W3] = & where

1l

M =dh+ (L +k+3)w -y

. (4, %)
AB =3B + (a + bB = A) w

Applying the exterior differentiation on w3 + dt = 0 and substit=-
2 1
uting for w , w from (%,1) and (4,3) we obtain *

Thus the solution of the system
wS +dt =0 i

1 1 2|
W = A w3+13w3#/,

exists by one arbitrary function of one variable i.e,, any arbit-

(4.6)

rary complex (4,1) allows a distribution of normal congruences

with orthogonal surface determined by one arbitrary function of

one variable. The differential d M is <
1 1 2
d M= (w+ tw) gl +{w + th) e (4, 7)
‘ 3 - 3 "2
Put '
1 2 2 2
w1+tw ='wl, w o ttwy=w o,
So :
-l 1 2 2 2
w1=w ~tw , w =w-tw . &,9)

3 .
From (%.1) and (%.3), (4.8) takes the form
1 1 2 2 1 2

WEawtdw, w =duWtew , (%,10)

3 N 3
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1 b
o = + __.,
k+bA _ + £
A+t )= (k~tb) (& + £)=(k- tb)
a+t k + bA
1
:? = ( +t) ‘ (14'.11)
B (A+t) - (k - tb)
k+ DA
~ 1
l\lf._. 2
k + hh
- (k - tb) + (a + t)
A+t

The Gaussian curvature K of the surface is determined by

[11] K=ay =0
Using (4%,11), takes the form

K____, 1

= (%.12)
(att)(A+t) = (k + Ab)(k ~ tb)

The expression for 4L 1s

T+ K k% -XK t2, - akt -~ bKkt
A': .
K{b%t + a = bk + t)

Differentiating (%.,13) we get
diA =

2
1 (Al (bicea drb=bw ] 0 +[Aa+(ab*k)w%+w3] +[Ab+(1+b2)w%] ko
X _ 52

(4.1%)

where

¥ = 2b2Kkt + 2aKb- bKb%+ 2Kkt - b3Kt2_2abKt - 2bKt2+ b .
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i = bPKt? - 2aKt + 2bKkt- Kt2- a?K - b? « Kx? = 1,

H

-

A= -b%Kt2 + 2Kkt - K? - 1, (%+,15)

‘u = -2aKkt ~2Kkt? - 2bt -2bKkt + oKt + 2abkt? +
+ bPKut? + Kk? + k

I
a2 = b t2 + a?+ p2k? + t* + 2ab%t -2b3kt + 2b2t?2 ~2abk +

+ 2 at - 2bkt,
Tntroducing the values of AL and AB given by (+.4), we get @
L r 32 » 12
laa + 2(k + bn)Wga-w W3]+[db +(a+bktb A-A)w2W3] =0 (%+.16)
By virtus of (k.1%),(%,15) and (3.8), we have
-[ £ (oK k +abal+yKo XA (PKok+Jba!+Kor )4 (pKbk + pbal + Ka})]

+(Ko2+ br )(aat+qKs HHA(DaT+Ks)+ (Gat+y)(pat+aks)= 0 (4+.17)

where g

8 = bt +a -bk+t,

al = b2t + a - bl +t +2p?Kkt + asz-bKKB* Kb2t=

_pPKt3-2aKt? Kt -ab?Kt2~ a?Kt- bRkt?. £4,18)

Removing brakets in (4.,16) we obtain an equation of the fourth

order in t, in the form ¢

L |
pKth-?_Kt?’ (a+b] wap Y+t? (Kq=2pt2kpK~HaKatb Kq+2b2Kq+2hFy -2abK13+a3K1r

‘B2icr )2t (Kiep-o+a 2Kamab?Kq+b Kk oK + bk -2 by + blcr -a KB -b+ap) +

+ %(p‘rKr)(1+k2K)+2aa—2bka+a2Kq+b2Kk2 q-2a1Kkq -2by - 2aKky = O ,
+.19)
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In canonical frame (a = b = 0) equation (%+.19) takes the form :

pKtl*'.. oaKtS + t2(Kq «2p + 2k7K)=2t (kyKet) + I%(;$+Kr)(1+k2K)= 0
(4,20)

This equation gives abssica of the point M=A++% §3 which

discribes a surfaceastting orthogonolly the rays of the normal

congruence, It is clear that on the ray of the complex there are

four points each of them describes a surface cutting orthogonally

the rays of the normal congruence, These poinﬁs are called

points of orthogonality.

4.2 The investigation of particular kinds of complexes of lines

in E3 which are distribtuted into speclal kinds of normal

congruences,

We inves%igate, the complex of lines which has the following
property @

Every ray of the complex has a double points of orthogona=
1ity coinelde with the point at infinity (t = o),
From the equation which gives the points of orthogonality,
Kt - 2aKt3+ £2(Kg «2p + 2kDK )= 2t (kyK - a)+ %(p*Kr)(1+k2K)=0,

if £ = o is a-double root of the above equation, then
p = o = 0, (%,21)

In this case [using equations (3.9)!'] we have the following
system of differential equations s




] s

2 1 w - k {"r}'j* T - /‘

W= kw y ‘
3

2
W_ =2, |

* 3 (4,22)

1 :
dk = q w + Y W
A 3 3 9

.

W tkw T = Jy + + (w =k} -r 3PV .
w o yw trws , (w e~ —yw )

If the complex (h,22) is distributed into one parametric family
of congruences

1 1 2
w o =oa wg + k w3 s | %,23)

with rays cutting orthogonaly the surface

w = 0O . : (%,.2%)

then, from (3.9)% the squation w3 =0 gives s
k7 -~ x |

1 ' 2 1
P S (4.25)

' 3 3 3

which is identified with (%,23) i.e,, we have

by p==a=r=0, are :
w2 =k wl ’
3
2
wo=] Wg ’
1 3 .
L (%,26)
dk:qw3+yw ¥

- _Ewl = Jw YW3 y W T ew - qu k,’ w1 -

v T




Exterior differentiation of the last three equations gives :
12
(a3 ~(+2ww 1=0
: 33
1 12
[dqW]+[dy+Y?’WW]=O , (4,27)
3 33
11 1 12
[d3+(1+32)W3W J+[dy+y?w3-(2k?2+q?)w3W3] =0,

Removirig brackets, by virtue of Cartan's lemma, in equations
(%.27) , we obtain :

1 2
3+ = w )
2 Ny 2
1 2

dd = A w_ + Aw
23 33 ’

. 1 1 2
dy * Y?-WB A v SR (%,28)
a3 +(1+72) * A 1+ A °
. Mlw = AW 4
3 5 63 °’

1 1 1 2
dy + Y?Wé-3(q+2k5)wé T AV A7W3 .

Comparing the values of d? and dy in (%,31), so

A12A5=A6=o,
A3 = g +_2k9) ,
A= 5

L 7

By virtue of Cartan!s common method for the systems (%.26) and
(4.28), 1t follows that there are only two independer_lt parameters
leeey, N =23 (77\;\2, ?v‘)_‘_). The mumber of independent quadretic
exterior forms is S1 = 2. The number of independent characPeristic




