Using the adjoint representations [5], in Table (2), we can find thirty-
one different kinds of solutions corresponding to the basic fields of an

optimali system given by
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Now, we will integrate the following characteristic equations:

de_dt _du_dé

== 342
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e . i . dx dt
To get the similarity variable, p , we integrate the first equation — = T
To get the similarity solutions for the reduced ordinary differential equation
dx do dx du
system we integrate — = — and to get A(p) we integrate —=—.
y f(p) grate —-=-o get h(p) grate —-=—

Next, we shall make use of the symmetries z, to obtain sub algebras leading
to nontrivial invariant solutions, as the following (7,, %, ), (X5 X3 ),-.- €ach of

them provides us with ansatz which reduce system (3.1a, 3.1b) to a system
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of ordinary differential equation. Some cases of sub-algebras will be

considered. In the following the constants of integrations will be denoted by

a,,d,,....

Case 1
For the sub-algebra (7,, z,), consider the linear combination of y,and

z,by [cx, + 1, We introduce here the parameter ¢ to demonstrate that not
only will [ g, + z,]give a specific similarity solution but also a linear
combination of y,and y,with arbitrary coefficients. The group invariant

combination suggests the similarity variables p and the similarity solutions

Aflp) and h(p) to be
p=cx—t, u(x, t)=h(p) and g(x’ t)= f(p)

Substituting similarity solutions into system (3.1a, 3.1b), we have the

following reduced system of ODE’s

(1-c)h"+pxf' =0, (3.43a)
e’ + f'+ ke’ =0 (3.43b)
This system has exact solution
h(p) = [ = = ]p»r
(-c) (-c )(wa c’r’) (3.443)
a
+[(1'—c’ 7 )] WP
and
_ a, _1 ct=c’y’?
AP =Gty * B gy P (3.445)

By back transformation, we get
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_ba xa, B
u(x,t)-[(l_cz) (1—-c1)(1~—c2—c’y2)](cx )+

e ot ety (3.45a)
i —(27C 7€ Y Nox—
+[(1—-c’ _czyz)]exp( ( o —c)) Yex—-))+a,
and
_ a, _=c -cly? _
f(x,t)= 1o —c’y’)+03 exp( (mkcl(l—c‘) Yex —t)). (3.45b)
Case 2

For the sub-algebra (1,,z;), consider the linear combination [ z, +cz; .

The general reduction of this sub group can be obtained by the following

similarity representation
p=t, u(xt)=h(p)exp(cx) and B(x.£)= f(p)exp(cx),
which reduces the system (3.1a, 3.1b) to the following system of ODE ’s
h"—-c*h+cyf =0, (3.46a)
ch'+ f'=ckf =0 (3.46b)

To solve this system, we have four cases:

1- For y = |2k’ —-% and ¢ =1we have the following exact solution

h(p) = a, exp(2kp) + a, exp(m, p) + a, exp(m, p), (3.47a)
1
= —[(1-4k*)a, exp(2kp) + (1—m;)a, ex
f(p) y[( )a, exp(2kp) + (1 - m,)a, P(M.P)’ (3.47b)
+(1-m3)a, exp(m, p)]
— ’ 2
where m,, = ’.Ci Zk +2 , then by back transformation we get

u(x,t) =[a, exp(2kt) + a, exp(m,t) + a, exp(m,?)] exp(x), (3.48a)
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O(x,t) = %[(l ~4k*)a, exp(2kt) + (1-m})a, exp(m,?)

(3.48b)
+(1—m;)a, exp(m,t)]exp(x)
2- For y = @ and ¢ =1we have the following exact solution
h(p)=a, exp(2p)+a, exp(m, p) + a, exp(m, p), (3.49a)
1= |30, exp@p)+ 1 ey explomp) + 1 - i, expimpl], (3,490,
where m,, = (k=2 (22 ~k) +2 » then using back transformation we

get
u(x,1) = (a, exp(2t) + a, exp(m,1) + a, exp(m, 1)) exp(x), (3.50a)

B(x,1) = }1~ [(—-3aI exp(2e) + (1 - m} )a, exp(mt) + (1 — m})a, exp(mzt)]exp(x) » (3.50b)

3- For y=,/6k> - % and ¢ =1we have the following exact solution

h(p)=a, exp(-2kp) + a, exp(m, p) + a, exp(m, p), (3.51a)
1
=—[((1-4k*)a, exp(~2kp) + (1 - m?)a, ex
f(p) y[(( )a, exp(=2kp) + (1~ m} )a, exp(m, p) , (3.51b)
+(1=m; )a, exp(m, p)]
where m,, = Skt zk 2 ;then by back transformation we get
u(x,t) = (a, exp(-2kt) + a, exp(m,t) + a, exp(m,t)) exp(x) (3.52a)
1
O(x,1) = —[(1-4k*)a, exp(~2kt) + (1 - m?)a, ex ¢
(x,2) y[( )a, exp(-2kt) +( )a, exp(m,t) (3.52b)

+(1 = m;)a, exp(m,t)]exp(x)
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4- For y = |6k — % and c= —l—we have exact solution

Jk

h(p) = a, exp(-2p) + a, exp(m, p) + a, exp(m,p), (3.53a)

F(p)= I’-‘—[(;c- ~ )0, exp(-2p) + (.~ m)a exp(m,P)
/4 (3.53b)

(=), xp(rm, )

+ /9% -
where m,, = 3k z: 2k , then by back transformation we get

u(x,t) =(a, exp(-2) + a, exp(m,t) + a, exp(m,t)) exp(—j%) , (3.54a)

O(x, 1) = [’i[(-}; _ &)a, exp(-21) + (% —m?)a, exp(m,f)
4 (3.54b)
+ (% - m3)a, explm)exp(-)

Case 3

For the sub-algebra (¥,, 1, ), consider the linear combination
[ x, +cx,]. The general reduction of this sub group can be obtained by the
following similarity representation
p=x, u(xf)=h(p)exp(ct), 6(x1)=/f(p)exp(c)),

Substituting similarity solutions into system (3.1a, 3.1b), we have the
following system of ODE’s

cth—-h"+y'=0, (3.55a)

c' +cf —kf"=0. (3.55b)

We will investigate three cases, where 4 and B are arbitrary constants.
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1- For c=—k and y =k* -1 , The exact solution for (3.55a, 3.55b) is

h(p)=A sinh(JE py+ B (:4'.)511(«/7»j D),
1) =—J -k Acoship) + 1= kB sinh(vk p)),

By back transformation, we get

u(x,1) =[4 sinh(+/kx) + B cosh(vkx)] exp(—kt),

(3.506a)

(3.56b)

(3.57a)

O(x,1) = -}1-;[(1 — k)Wk A cosh(vkx) + (1 - k)VkB sinh(JEx)]exp(-kt) , (3.57b)

2- For k =y =1 and c=1 The solution of (3.55a, 3.55b) is

W(p) = Acos(y| *2‘/5 P,
and
3445 ., [1+4/5
= - A —_——— ,
f(p)=—-A( m) sin( p)
By back transformation, we get
u(x,t) = Acos( ! +2J§ x)exp(—t),
3445 1+45
Hx,t)=—A ~1).
(x,0)=-A(-———= \/5(1_*‘7: > x)exp(~1)

3-For k=y =1 and ¢ =-1 the solution of this equation is

h(p) = Asinh(y| — Z‘Ep),

and

f(p)= A( cosh(y[—
2(—

),
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(3.58a)

(3.58b)

(3.59a)

(3.59b)

(3.60a)

(3.60b)




