Theorem 2.3.1. [26]: (Schauder’s fixed point theorem)
If K is a closed, bounded, and convez subset of a Banach space and the

mapping T : K — K 15 completely continuous, then T has a fized point
in K.

We first give the following two Lemmas will be needed for later results

in this section.

Lemma 2.3.1. Suppose that ¢ 15 @ closed, bounded, and convez subset

of a Banach space X such that

n—-1 o0
o= {meX|a§mn§a+Z W;(G)Zqif(i,a), nZno},

and T : ¢ — @, be such that

(Tz)p =a+ Z rk't,b o) Zqu(z z;), (2.3.1)

k=nq

where a >0, {gn} is positive sequence and f(m,z) 1is nonincreasing in
€ (0,00), for n 2 no.
Then T satisfies the Schauder’s fized point Theorem 2.8.1.

Proof. We show that T satisfies the following

(1) T maps g into .
Since f(n,z) is nonincreasing in z € (0,00), then by the assumptions

(A7) and {Asg), it follows that v(z) is nondecreasing positive function.
Indeed, if € ¢, then

(Tz), > a, forall n€ N{(n,).

But since z, > a forall n € N (no), we get

P(zn) 2 ¥(a),
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i.e.

1 1
<
’f”nﬂ)(ﬂin) - Tﬂ_?,/)(a)
and
an(n: In) < Q'flf(n'ra’)-
Then
n—1 1 00 n—1 ) o
_Zno "'k",b(iﬂk) Z qi f(i, .’Ei) < & '-"k’(/)(a) ; qif(z, a),

for all n € N(n,) and a > 0.

Hence, we obtain

n—1 1 oo
(Tz)p < a+ kz:;o (@) FZszf( a

(2) T is continuous.

In fact , if € > 0, then we may choose N > n, so large such that
o0
Zq::f(k,a) < €, for all n > N.

Also if {z¥}oc, is a sequence of elements of y such that z¥ — z as
v — co. Hence since ¢ is closed, z € ¢, for all large v, then it follows

that

|(Tz")n — (T2)nl

n—1 no1
= :é;o k"f)( Zsz(Z, i —-ZTk’ﬁb mk)Zq,f(z, ,\
n—1
<|X o@D — quf( 7}) - Z B w(a:k)zq* i\
n—1 1 . n— 1 .
2 i ;qff (oal) = 2 — ;qif(z,m,-) ,
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1.e.

vy _1_ (Ik) _ xk) = (i 1V
.(TI )'n (TI)TII S L:Zno Tr w(ajk)u(mk‘) izqulf(zv :)
n—1 1 ' ' -
t 2 e '\f(%,ri) — (3, zi)]

k=n,
si)% (@) — ¥ m}j% flie?)

k=n, i=k

+ Rnyn(0) _Z a:|f(i,a}) = f(i 2l

o

where
1 1 o
A d R, ,(a)=
> o 2 gy e T 2@
Then

(T8 — (Th] 350 L ipiaD) — vl Y af s

k=n,

O3 alfi,50) - 165

+ Rno,n(a) Z q: tf(?‘am:)) - f(za x‘l)l -

i=N
Hence, since (z) and f are continuous functions and z¥ — T as v — o0,

then following Li [23], we conclude that
(Tz), — (Tz)n| =0 as v— 00
Consequently 7' is continuous.

(3) T is uniformly Cauchy.
Let z € p and m, n 2 To.
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